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LONG TIME BEHAVIOR OF 2D WATER WAVES WITH POINT
VORTICES
QINGTANG SU
Abstract. In this paper, we study the motion of the two dimensional inviscid incompress-
ible, infinite depth water waves with point vortices in the fluid. We show that Taylor sign
condition ´ BP
Bn
ě 0 can fail if the point vortices are sufficient close to the free boundary, so
the water waves could be subject to the Taylor instability. Assuming the Taylor sign condi-
tion, we prove that the water wave system is locally wellposed in Sobolev spaces. Moreover,
we show that if the water waves is symmetric with a certain symmetric vortex pair traveling
downward initially, then the free interface remains smooth for a long time, and for initial
data of size ǫ ! 1, the lifespan is at least Opǫ´2q.
1. Introduction
In this paper we investigate the two dimensional inviscid incompressible infinite depth
water wave system with point vortices in the fluid. This system arises in the study of
submerged bodies in a fluid (see for example [9],[17] and the references therein). It’s also
believed to give some insight into the problem of turbulence ([32], chap 4, §4.6). In idealized
situation, such water waves are described by assuming the vorticity is a Dirac delta measure,
i.e., the vorticity is given by ωp¨, tq “ řNj“1 λjδzjptqp¨q, where each zj P Ωptq, λj P R represent
the position and the strength of the j-th point vortex, respectively. It’s well-known that
each point vortex zj generates a velocity field
λj
2π
i
z´zjptq
, which is purely rotational. We
assume zjp0q ‰ zkp0q, for j ‰ k. Assume that the fluid is incompressible and inviscid and
neglect surface tension. Let Ωptq be the fluid region, with free boundary Σptq, such that Σptq
separate the fluid region with density one from the air with density zero. Let v be the fluid
velocity, and P be the fluid pressure. Normalize the gravity to be p0,´1q. Then the motion
of the fluid is described by$’’’’’’’’’’’’’’&’’’’’’’’’’’’’’%
vt ` v ¨∇v “ ´∇P ´ p0, 1q
div v “ 0
curl v “ ω “
Nÿ
j“1
λjδzjptq
,////.////- Ωptq
d
dt
zjptq “ pv ´ λj i2π 1z´zjptqq
ˇˇˇ
z“zj
zjptq P Ωptq, j “ 1, ..., N
P
ˇˇˇ
Σptq
” 0
p1, vq is tangent to the free surface pt,Σptqq.
(1)
1
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Here, z “ x ` iy, zjptq “ xjptq ` iyjptq. We’ve identified R2 with C, so a point px, yq is
identified as x` iy. Given w P C, w¯ represents the complex conjugate of w.
Formally, this system is obtained by neglecting the self-interaction of the point vortices:
intuitively, if we pretend that the velocity field v is well-defined at z “ zjptq, then the motion
of the fluid particle zjptq is given by
d
dt
zjptq “ vpzjptq, tq “ pv ´ λji
2π
1
z ´ zjptq
q
ˇˇˇ
z“zj
` λji
2π
1
z ´ zjptq
q
ˇˇˇ
z“zj
.
We assume that the only singularities of v are at the point vortices, so v´ λj i
2π
1
z´zjptq
is smooth,
while
λj i
2π
1
z´zjptq
is not defined at z “ zj. However, since the velocity field λj i2π 1z´zjptq
ˇˇˇ
z‰zj
is
purely rotational around zjptq, it won’t move the center zjptq at all, which means
d
dt
zjptq “ pv ´ λji
2π
1
z ´ zjptq
q
ˇˇˇ
z“zj
.
For a rigorous justification of this derivation, see [32] (Theorem 4.1, 4.2, chapter 4) for the
fixed boundary case.
When N “ 0, i.e., without the presence of point vortices, the system (1) has attracted a
lot of attention from both mathematics and physics communities, and there is a enormous
literature on this problem. Rigorous mathematical analysis for water waves with point
vortices is still missing.
1.1. Historical results.
1.1.1. Numerical results. There have been a lot of numerical study of the system (1). See
for example [16], [21], [19], [33], [43], [45] and the references therein for some numerical
investigations.
1.1.2. Rigorous mathematical analysis: Irrotational case. For the rigorous mathematical
analysis of (1) in Sobolev spaces without the presence of point vortex, i.e., N “ 0, sys-
tem (1) reduces to inviscid, incompressible, irrotational 2d water waves, i.e.,$’’’’&’’’’%
vt ` v ¨∇v “ ´∇P ´ p0, 1q
div v “ 0, curl v “ 0
+
Ωptq
P ” 0 Σptq
p1, vq is tangent to the free surface pt,Σptqq.
(2)
The water wave system (2) has been intensively studied, for early works, see Newton [35],
Stokes[39], Levi-Civita[30], and G.I. Taylor [40]. Nalimov [34], Yosihara[54] and Craig [15]
proved local well-posedness for 2d water waves equation (2) for small initial data. In S. Wu’s
breakthrough works [49][50], she proved that for n ě 2 the important strong Taylor sign
condition
´ BPBn
ˇˇˇ
Σptq
ě c0 ą 0 (3)
always holds for the infinite depth water wave system (2), as long as the interface is non-
self-intersecting and smooth, and she proved that the initial value problem for (2) is locally
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well-posed in HspRq, s ě 4 without smallness assumption. Since then, a lot of interesting
local well-posedness results were obtaind, see for example [1], [3], [10], [12], [26], [29], [31],
[36], [38], [55]. Recently, almost global and global well-posedness for water waves (2) under
irrotational assumption have also been proved, see [51], [52], [20], [27], [2], and see also [22]
and [23]. More recently, there are strong interests in understanding the singularities of water
waves, see for example [28], [47], [46], [48]. For the formation of splash singularities, see for
example [8][7][13] [14] . Note that most of the aforementioned works are done in irrotational
setting, both for mathematical convenience and physical considerations.
1.1.3. Rigorous mathematical analysis: rotational case. Much less rigorous mathematical
analysis have been done for rotational water waves. For vorticity ω that is a smooth func-
tion, Iguchi, Tanaka, and Tani [25] proved the local wellposedness of the free boundary
problem for an incompressible ideal fluid in two space dimensions without surface tension.
Ogawa and Tani [36] generalized Iguchi, Tanaka, and Tani’s work to the case with surface
tension. In [37], Ogawa and Tani generalized the wellposedness result to the finite depth
case. In [10], Chritodoulou and Lindblad obtained a priori energy estimates of n dimen-
sional incompressible fluid, without assuming irrotationality condition in a bounded domain
without gravity. In particular, the authors introduce a geometrical point of view, estimating
quantities such as the second fundamental form and the velocity of the free surface. For
the same problem as in [10], H. Lindblad proved local wellposedness in [31]. The local well-
posedness of rotational 3d infinite depth, inviscid incompressible water waves is proved by
P. Zhang and Z. Zhang [55]. All the aforementioned existence results for rotational water
waves are locally in time, and under the assumption that the strong Taylor sign condition
holds.
Regarding the long time behavior, Ifrim and Tataru[24] prove cubic lifespan for 2d inviscid
incompressible infinite depth water waves with constant vorticity. Assume the volocity field
is pu, vq. Assume the vorticity is vx´uy ” c, where c is a constant, replacing the velocity field
pu, vq by pu` cy, vq, the problem is reduced to irrotational incompressible water waves, and
from which the long time existence is proved. In [5], Bieri, Miao, Shahshahani and Wu prove
cubic lifespan for the motion of a self-gravitating incompressible fluid in a bounded domain
with free boundary for small initial data for the irrotational case and the case of constant
vorticity. The case of constant vorticity is reduced to the irrotational one by working in a
rotating framework with constant angular velocity.
For water waves with point vortices, there is no obvious transformation to reduce the
problem to the irrotational one, so we need some new ideas to study such cases.
1.2. Governing equation for free boundary. It’s easy to see that the system (1) is
completely determined by the free surface Σptq, the velocity and the acceleration along the
free surface, and the position of the point vortices.
1.2.1. Lagrangian formulation. We parametrize the free surface by Lagrangian coordinates,
i.e., let α be such that
ztpα, tq “ vpzpα, tq, tq. (4)
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We identify R2 with the complex plane. With this identification, a point px, yq is the same
as x ` iy. Since P ” 0 along Σptq, we can write ∇P as ´iazα, where a “ ´BPBn 1|zα| is real
valued. So the momentum equation along the free boundary becomes
ztt ´ iazα “ ´i. (5)
Note that the second and the third equation in (1) imply that v ´řNj“1 λj i2πpz´zjptq q “ v¯ `řN
j“1
λji
2πpz´zjptqq
is holomorphic in Ωptq with the value at the boundary Σptq given by z¯t `řN
j“1
λj i
2πpzpα,tq´zj ptqq
. Assume that z¯t `
řN
j“1
λji
2πpzpα,tq´zj ptqq
P L2pRq. We know that z¯t `řN
j“1
λj i
2πpzpα,tq´zj ptqq
is the boundary value of a holomorphic function in Ωptq if and only if
pI ´ Hq
´
z¯t `
Nÿ
j“1
λji
2πpzpα, tq ´ zjptqq
¯
“ 0, (6)
where H is the Hilbert transform associated with the curve zpα, tq, i.e.,
Hfpαq :“ 1
πi
p.v.
ż 8
´8
zβ
zpα, tq ´ zpβ, tqfpβqdβ. (7)
So the system (1) is reduced to a system of equations for the free boundary coupled with
the dynamic equation for the motion of the point vortices:$’’’&’’’%
ztt ´ iazα “ ´i
d
dt
zjptq “ pv ´ λj i2πpz´zjqq
ˇˇˇ
z“zj
pI ´ Hq
´
z¯t `
řN
j“1
λj i
2πpzpα,tq´zj ptqq
¯
“ 0.
(8)
Note that v can be recovered from (8). Indeed, we have
v¯pzq `
Nÿ
j“1
λji
2πpz ´ zjptqq “
1
2πi
ż
zβ
z ´ zpβq
´
z¯tpβq `
Nÿ
j“1
λji
2πpzpβq ´ zjptqq
¯
dβ. (9)
So the system (1) and the system (8) are equivalent.
1.2.2. The Riemann mapping formulation and the Taylor sign condition. Let n be the out-
ward unit normal to the fluid-air interface Σptq. The quantity ´BP
Bn
ˇˇˇ
Σptq
plays an important
role in the study of water waves.
Definition 1. (The Taylor sign condition and the strong Taylor sign condition)
(1) If ´BP
Bn
ˇˇˇ
Σptq
ě 0 pointwisely, then we say the Taylor sign condition holds.
(2) If there is some positive constant c0 such that ´BPBn
ˇˇˇ
Σptq
ě c0 ą 0 pointwisely, then we
say the strong Taylor sign condition holds.
It is well known that when surface tension is neglected and the Taylor sign condition fails,
the motion of the water waves can be subject to the Taylor instability [4],[6],[41],[18],[53].
For irrotational incompressible infinite depth water waves without surface tension, S. Wu
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[49] [50] shows that the strong Taylor sign condition always holds provided that the interface
is non self-intersecting and smooth.
For rotational water waves, by constructing explicit examples, we’ll show that Taylor sign
condition can fail if the point vortice are sufficient close to the interface. We’ll also give a
criterion for the Taylor sign condition to hold. To calculate the important quantity ´BP
Bn
, we
use the Riemann mapping formulation of the system (8), which we are to describe.
Let Φp¨, tq : Ωptq Ñ P´ be the Riemann mapping such that Φz Ñ 1 as z Ñ 8. Let
hpα, tq :“ Φpzpα, tq, tq. Denote
Zpα, tq :“ z ˝ h´1pα, tq, b “ ht ˝ h´1, Dt :“ Bt ` bBα, (10)
A :“ pahαq ˝ h´1. (11)
In Riemann mapping variables, the system (8) becomes$’’&’’%
pD2t ´ iABαqZ “ ´i
d
dt
zjptq “ pv ´ λj i2πpz´zjqq
ˇˇˇ
z“zj
pI ´HqpDtZ¯ `
řN
j“1
λj i
2πpZpα,tq´zj ptqq
q “ 0.
(12)
Here, H is the standard Hilbert transform which is defined by
Hfpαq :“ 1
πi
p.v.
ż 8
´8
1
α ´ βfpβqdβ. (13)
Denote
A1 :“ A|Zα|2. (14)
Since ´BP
Bn
ˇˇˇ
Σptq
“ A1
|Zα|
, it’s clear that the Taylor sign condition holds if and only if
inf
αPR
A1
|Zα| ě 0, (15)
and the strong Taylor sign condition holds if and only if
inf
αPR
A1
|Zα| ą 0, (16)
1.3. The main results. Our first result is a formula for the quantity A1, from which we
show that Taylor sign condition could fail if the point vortices are sufficient close to the
interface. We also use this formula to find a criterion for strong Taylor sign condition to
hold.
Let F be the holomorphic extension of z¯t `
řN
j“1
λj i
2π
1
zpα,tq´zjptq
in the domain Ωptq.
Theorem 1. Denote
c
j
0 :“ pΦ´1qzpωj0, tq, ωj0 :“ Φpzjptq, tq. (17)
β0ptq :“ inf
αPR
|Zαpα, tq|, M0ptq :“ }F p¨, tq}8 (18)
λ˜ “:
řN
j“1 |λj|
2π
, d˜Iptq :“ min
1ďjďN
inf
αPR
|α´Φpzjptq, tq|, d˜P ptq “ min
j‰k
|zjptq ´ zkptq|. (19)
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(1) (Formula for the Taylor sign condition ) We have
A1 “ 1` 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα ´ βq2 dβ ´
Nÿ
j“1
λj
π
Re
! DtZ ´ 9zj
c
j
0pα´ wj0q2
)
, (20)
(2) (Failure of the Taylor sign condition) Taylor sign condition could Fail if d˜Iptq is
sufficiently small.
(3) (A criterion for strong Taylor sign condition) If
λ˜2
d˜Iptq3β0
` λ˜
2
d˜Iptq2d˜P ptq
` 2M0λ˜
d˜Iptq2
ă β0, (21)
then the strong Taylor sign condition holds.
Part (1) is proved in Corollary 5, part (2) is proved by examples from §3.3, §3.4, and part
(3) is proved in Proposition 3.
Our second result justifies that (8) is locally wellposed in Sobolev spaces, provided that
the strong Taylor sign condition holds initially. Let Hs represents the Sobolev space HspRq,
which is define as
HspRq :“
!
f P L2pRq : ‖f‖2Hs :“
ż 8
´8
p1` |2πξ|2sq|Ffpξq|2dξ ă 8
)
.
Here, Ffpξq “ ş8
´8
fpxqe´2πixξdx is the Fourier transform of f . If s is a nonnegative integer,
then
‖f‖2Hs ď
sÿ
k“0
∥
∥Bkαf
∥
∥
2
L2
. (22)
Decompose zt as
z¯tpα, tq “ f ` p, where p “ ´
Nÿ
j“1
λji
2π
1
zpα, tq ´ zjptq . (23)
Note that p and pt are determined by zpα, tq and f .
‚ A discussion on the initial data Assume that the initial value for (8) is given by
ξ0pαq :“ zpα, t “ 0q ´ α, v0 :“ ztpt “ 0q, w0 :“ zttpt “ 0q, (24)
and denote
a0 :“ apt “ 0q. (25)
ξ0, v0, w0, a0 must satisfy
w0 ´ ia0pBαξ0 ` 1q “ ´i, (26)
where a0 is determined by
a0|Bαξ0 ` 1| “ |w0 ` i|. (27)
v0 satisfies
pI ´ H0qv¯0 “ ´
Nÿ
j“1
λji
π
1
ξ0pαq ` α ´ zjp0q , (28)
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where H0 is the Hilbert transform associated with the curve zpα, 0q “ ξ0 ` α.
Denote
dIptq :“ min
1ďjďN
tdpzjptq,Σptqqu, dP ptq :“ min
1ďi,jďN
i‰j
tdpziptq, zjptqqu. (29)
Remark 1. dIptq represents the distance of the point vortices to the free boundary, the 1I 1
means interface. dP ptq represents the distance among the point vortices, 1P 1 means point
vortices.
Let δ ą 0. Let |D|δ be defined by
F |D|δfpξq “ p2π|ξ|qδFfpξq. (30)
Theorem 2. (The local wellposedness) Assume s ě 4. Assume p|D|1{2ξ0, v0, w0q P Hs ˆ
Hs`1{2 ˆHs, satisfying (26), (27), (28), and
(H1) Strong Taylor sign assumption. There is some α0 ą 0 such that
inf
αPR
apα, 0q|zαpα, t “ 0q| ě α0 ą 0. (31)
(H2) Chord-arc assumption. There are constants C1, C2 ą 0 such that
C1|α ´ β| ď |zpα, 0q ´ zpβ, 0q| ď C2|α ´ β|. (32)
Then exists T0 ą 0 such that (8) admits a unique solution
p|D|1{2pz ´ αq, zt, zttq P Cpr0, T0s;Hs ˆHs`1{2 ˆHsq,
with T0 depends on }pBαξ0, v0, w0q}Hs´1ˆHsˆHs, dIp0q´1, dP p0q´1, C1, C2, α0, s, and
inf
tPr0,T0s
inf
αPR
apα, tq|zαpα, tq| ě α0{2. (33)
Moreover, if T ˚0 is the maximal lifespan, then either T
˚
0 “ 8, or T ˚0 ă 8, but
lim
TÑT˚
0
´
}pzt, zttq}Cpr0,T s;HsˆHsq ` sup
tÑT˚
0
pdIptq´1 ` dP ptq´1q “ 8. (34)
or
lim
tÑT˚
0
´
inf
αPR
apα, tq|zαpα, tq| ď 0, (35)
or
sup
α‰β
0ďtăT˚
0
ˇˇˇ
α ´ β
zpα, tq ´ zpβ, tq
ˇˇˇ
` sup
α‰β
0ďtăT˚
0
ˇˇˇ
zpα, tq ´ zpβ, tq
α ´ β
ˇˇˇ
“ 8. (36)
Remark 2. (H1) is the strong Taylor sign condition. By Theorem 1, the Taylor sign con-
dition (31) does not always hold. As was explained before, if surface tension is neglected
and Taylor sign condition fails, the motion of the water waves could be subject to the Taylor
instability. In order for the system (8) to be wellposed in Sobolev spaces, we need to assume
that the Taylor sign condition (31) to hold.
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Our third result is concerned with the long time behavior of the water waves with point
vortices. We show that if the water wave is symmetric with a symmetric vortex pair traveling
downward initially, then the free interface remains smooth for a long time, and for initial
data satisfying
}p|D|1{2pzpα, 0q ´ αq, f, ftq}HsˆHs`1{2ˆHs ď ǫ ! 1,
the lifespan is at least δ0ǫ
´2, for some δ0 ą 0. Define1pdIptq :“ min
j“1,2
inf
αPR
Imtzpα, tq ´ zjptqu. (37)
We make the following assumptions:
(H3) Vortex pair assumption. Assume N “ 2, i.e., there are two point vortices, with po-
sitions z1ptq “ x1ptq ` iy1ptqq, z2ptq “ x2ptq ` iy2ptq, strength λ1, λ2, respectively.
Assume further that z1ptq and z2ptq are symmetric about the y-axis, i.e.,
x1ptq “ ´x2ptq “ ´xptq ă 0, y1ptq “ y2ptq :“ yptq ă 0,
and assume λ1 “ ´λ2 :“ λ ă 0.
(H4) Symmetry assumption. Assume that velocity field v “ v1 ` iv2 satisfies: v1 odd in x,
v2 even in x, and the free boundary Σptq is symmetric about the y-axis.
(H5) Smallness assumption. Assume that at t “ 0,
}p|D|1{2ξ0, fpt “ 0q, ftpt “ 0qq}HsˆHs`1{2ˆHs ď ǫ, λ2 ` |λxp0q| ď c0ǫ,
for some constant c0 “ c0psq. We can take c0 “ 1pps`12q!q2 .
(H6) Vortex-vortex interaction. Assume |λ|
xp0q
ě Mǫ for some constant M " 1 (say, M “
200π).
(H7) Vortex-interface interaction. Assume pdIp0q ě 1. Assume |λ| ` xp0q ď 1.
Remark 3. Assume (H3)-(H4) holds at t “ 0, then by the uniqueness of the solutions to
the system (1), (H3)-(H4) holds for all t P r0, T s when the solution exists.
Theorem 3 (Long time behavior). Let s ě 4. Assume (H3)-(H7). There exists ǫ0 ą 0 and
δ0 ą 0 such that for all 0 ă ǫ ď ǫ0, the lifespan T ˚0 of the solution to (1) satisfies T ˚0 ě δ0ǫ´2.
Moreover, there exists a constant Cs only depends on s such that
sup
tPr0,δ0ǫ´2s
∥
∥p|D|1{2pzpα, tq ´ αq, fp¨, tq, ftp¨, tqq
∥
∥
HsˆHs`1{2ˆHs
ď Csǫ. (38)
Here, δ0 is an absolute constant independent of ǫ and s.
Remark 4. If the initial data is sufficiently localized, then we can prove global wellposedness
and modified scattering. A brief discussion of the main idea will be given in §1.5. We will
give the full details of the proof in a forthcoming paper.
1We use the notation pdI to distinguish it from dI . Please keep in mind that pdI is not the Fourier transform
of dI .
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Remark 5. The assumption |λ|
xp0q
ě Mǫ ensures that the point vortices travel downward at
t “ 0. In the proof of Theorem 3, we will show that when |λ|
xp0q
“Mǫ, the velocity of the point
vortices is comparable to ǫ, which is slow in some sense. Theorem 3 demonstrates that even
if the point vortices moves at an initial velocity as slow as Mǫ, the water waves still remain
smooth and small for a long time.
Remark 6. Assumption (H7) implies that the strong Taylor sign condition holds initially.
The assumption pdIp0q ě 1 can be relaxed. To avoid getting into too many technical issues,
we simply assume pdIp0q ě 1. The assumption |λ| ` xp0q ď 1 is not an essential assumption.
We assume this merely for convenience.
Remark 7. The assumptions (H5), (H6), (H7) do allow xp0q to be as small as we want. So
|λ|
xp0q
can be very large.
A discussion on initial data. We need to show that initial data for this system satisfy the
assumptions of Theorem 3 exist. As before, denote
ξ0pαq “ zpα, 0q ´ α, z0 “ α ` ξ0, v0 “ ztpα, 0q, w0 “ zttpα, 0q.
We need ξ0, v0, w0 satisfy (26), (27), and (28). We need also the symmetry condition
Retv0u is odd in α, Imtv0u is even in α, Retξ0u is odd Imtξ0u is even. (39)
Denote the Hilbert transform associates to z0pαq by H0. We’ll use the following lemma.
Lemma 1. Let Imtξ0u be even, Retξ0u be odd. Let f “ f1 ` if2 be such that f1 is odd and
f2 is even. Then RetH0fu is odd and ImtH0fu is even.
Proof. This is proved by direct calculation. 
Given ξ0 be such that Retξ0u odd and Imtξ0u even, and given any real valued odd function
f , if we let v0 be such that
v¯0 “ 1
2
pI ` H0qf ´
2ÿ
j“1
λji
2π
1
z0pαq ´ zjp0q , (40)
then by lemma 1, we have Retv0u is odd and Imtv0u is even, and satisfying the compatiability
condition
pI ´ H0qpv¯0 `
2ÿ
j“1
λji
2π
1
z0pαq ´ zjp0qq “ 0. (41)
1.4. Strategy of proof. we illustrate the strategy of proving the main theorems in this
subsection. The first two theorems are more or less routine, while Theorem 3 requires some
new idea of controlling the motion of the point vortices.
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1.4.1. The Taylor sign condition: proof of Theorem 1. We follow S. Wu’s work [49] to calcu-
late the Taylor sign condition. Using Riemann variables, the momentum equation is written
as pD2t ` iABαqZ¯ “ i. Recall that A1 :“ A|Zα|2. Multiply pD2t ` iABαqZ¯ “ i by Zα, apply
I ´H on both sides of the resulting equation, then take imaginary part. By using the facts
pI ´HqpZα ´ 1q “ 0, pI ´HqpDtZ¯ `
Nÿ
j“1
λji
2π
1
Zpα, tq ´ zjptqq “ 0, (42)
we obtain
A1 “ 1` 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα ´ βq2 dβ´Im
! Nÿ
j“1
λji
2π
´
pI´Hq ZαpZpα, tq ´ zjptqq2
¯
pDtZ´ 9zjptqq
)
.
Then use some tools from complex analysis, we obtain (20).
To construct examples for which the Taylor sign condition fails, we consider initially still
water waves with its motion purely generated by the point vortices. We are able to derive a
formula for A1 in terms of the intensity and location of these point vortices, from which we
can see that Taylor sign condition could fail if the point voritces are close to the interface.
1.4.2. Local wellposedness:proof of Theorem 2. If there is no point vortices in the water
waves, S. Wu observes that one can obtain quasilinearization of the system (8) by taking
one time derivative to the momentum equation. It turns out that this is still true for water
waves with point vortices: take Bt on both sides of pB2t ` iaBαqz¯ “ i, we obtain
pB2t ` iaBαqz¯t “ ´iatz¯α. (43)
In (23), we decompose z¯t as z¯t “ f ` p, where p “ ´
řN
j“1
λj i
2π
1
zpα,tq´zjptq
. A key observation is
that pB2t ` iaBαqp consists of lower order terms. Apply I ´H on both sides of equation (43),
we obtain
´ ipI ´ Hqatz¯α “ g1 ` g2, (44)
where
g1 :“ 2rztt,Hs z¯tα
zα
` 2rzt,Hs z¯ttα
zα
´ 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
z¯tβdβ. (45)
g2 :“ i
π
Nÿ
j“1
λj
´ 2ztt ` i´ B2t zj
pzpα, tq ´ zjptqq2 ´ 2
pzt ´ 9zjptqq2
pzpα, tq ´ zjptqq3
¯
. (46)
So atz¯α is of lower order. The quasilinear system$’’&’’%
pB2t ` iaBαqz¯t “ ´iatz¯α
9zjptq “ pv ´ λj i2π 1zpα,tq´zjptqq
ˇˇˇ
z“zjptq
pI ´ Hqpz¯t `
řN
j“1
λj i
2π
1
zpα,tq´zjptq
q “ 0.
(47)
is of hyperbolic type as long as the Taylor sign condition a|zα| ě α0 ą 0 holds. The local
wellposedness is obtained by energy method.
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1.4.3. Long time behavior: proof of Theorem 3. To illustrate the idea of studying long time
behavior, we begin with the following toy model.
Toy model: Consider
utt ` |D|u “ upt `
C
pα` itqm , p ě 2, m ě 2. (48)
for some constant C such that |C| À ǫ. Define an energy
Esptq “
ÿ
kďs
ż
|Bkαutpα, tq|2 ` ||D|1{2Bkαu|2dα. (49)
Then we have
d
dt
Esptq À Esptqpp`1q{2 ` ǫp1` |t|q´pm´1{2qEsptq1{2. (50)
Assume Esp0q À ǫ2. By the bootstrap argument, we can prove
Esptq À ǫ2, @ t À ǫ1´p. (51)
If the nonlinearity is at least cubic, i.e., p ě 3, then the lifespan is at least ǫ´2.
The water waves: If we can find θ, θ « zt, such that pB2t ` |D|qθ “ F pzt, |D|z, zttq `
Op 1
pα`it
qmq, where F is at least cubic and m ě 2, then use an argument similar to that for
the toy model, we expect cubic lifespan. Note that the nonlinearity of the quasilinear system
(47) is quadratic, so it does not directly lead to lifespan of order Opǫ´2q. In the irrotational
cases, S. Wu[51] found that the fully nonlinear transform θ :“ pI ´ Hqpz ´ z¯q satisfies
pB2t ´ iaBαqθ “ ´2rzt,H
1
zα
` H¯ 1
z¯α
sztα ` 1
πi
ż 8
´8
´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz ´ z¯qβdβ :“ g. (52)
g is cubic, while a ´ 1 contains first order terms, so pB2t ` |D|qθ contains quadratic terms,
which does not imply cubic lifespan. To resolve the problem, S. Wu considered change of
variables κ : R Ñ R. She let ζ “ z ˝ κ´1, b “ κt ˝ κ´1, A “ paκαq ˝ κ´1. In new variables,
the system (8) is written as (with λj “ 0 for irrotational case)#
pD2t ´ iABαqζ “ ´i
pI ´HqDtζ¯ “ 0,
(53)
and (52) becomes
pD2t´iABαqθ˝κ´1 “ ´2rDtζ,H
1
ζα
`H¯ 1
ζ¯α
sBαDtζ` 1
πi
ż 8
´8
´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ´ζ¯qβdβ,
(54)
where
Hfpαq :“ 1
πi
p.v.
ż 8
´8
ζβ
ζpα, tq ´ ζpβ, tqfpβqdβ. (55)
She realized that there exists a change of variables κ such that
pI ´Hqb “ ´rDtζ,Hs ζ¯α ´ 1
ζα
, (56)
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pI ´HqpA´ 1q “ irDtζ,HsBαDtζ¯
ζα
` irD2t ζ,Hs
ζ¯α ´ 1
ζα
. (57)
So b, A´1 are quadratic. Using this, S. Wu was able to prove the almost global existence for
the irrotational water waves with small localized initial data. The method implies lifespan
of order Opǫ´2q for nonlocalized data of size Opǫq for irrotational water waves.
Assume there are point vortices in the fluid. We use S. Wu’s change of variables, by taking
κ : RÑ R, satisfying that for ζ “ z ˝ κ´1,
pI ´Hqpζ¯ ´ αq “ 0. (58)
In new variables, by direct calculation, we have
pD2t ´ iABαqθ˜ “ Gc `Gd, (59)
where θ˜ “ pI ´Hqpζ ´ ζ¯q, A “ paκαq ˝ κ´1, b “ κt ˝ κ´1, Dt “ Bt ` bBα. Let F “ f ˝ κ´1,
q “ p ˝ κ´1. We have
Gc :“ ´2rF¯,H 1
ζα
` H¯ 1
ζ¯α
sF¯α ` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ ´ ζ¯qβdβ. (60)
Gd :“ ´2rq¯,HsBαF¯
ζα
´ 2rF¯,HsBαq¯
ζα
´ 2rq¯,HsBαq¯
ζα
´ 4Dtq. (61)
pI ´Hqb “ ´rDtζ,Hs ζ¯α ´ 1
ζα
´ i
π
2ÿ
j“1
λj
ζpα, tq ´ zjptq . (62)
pI ´HqA “1` irDtζ,HsBαF
ζα
` irD2t ζ,Hs
ζ¯α ´ 1
ζα
´ pI ´Hq 1
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2 .
(63)
To control the acceleration D2t ζ , we consider σ˜ “ pI ´HqDtθ˜. We have
pD2t ´ iABαqσ˜ “ G˜, (64)
where
G˜ “pI ´HqpDtG` iat
a
˝ κ´1AppI ´Hqpζ ´ ζ¯qqαq ´ 2rDtζ,HsBαD
2
t pI ´Hqpζ ´ ζ¯q
ζα
` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
BβDtpI ´Hqpζ ´ ζ¯qdβ
(65)
The difficulty:
(1) Gc is cubic, while Gd consists of quadratic and first order terms. Gd is the contribution
from the point vortices. Similarly, b, A ´ 1 contains first order terms due to the
presence of point vortices.
(2) Each term of Gd contains factors of the form
řN
j“1
λj
pζpα,tq´zj ptqqk
for some k ě 1. It’s
possible that the point vortices travel upward and get closer and closer to the free
interface. In that case, Gd becomes very large.
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(3) The strong interaction between the point vortices could excite the water waves and
make it significantly larger in a short time. Assume two point vortices z1ptq “
´x ` iy, z2ptq “ x ` iy, with strength λ1 and λ2, respectively. Then the velocity of
z1 is
9z1 “ ´ λ2i
2πpz2 ´ z1q ` F¯ pz1ptq, tq, 9z2 “
λ1i
2πpz2 ´ z1q ` F¯ pz2ptq, tq.
Roughly speaking, if |λ|
2π|z2´z1|
is large, then | 9zjptq| is large. Since pt “
ř2
j“1
λji
2π
zt´ 9zjptq
pzpα,tq´zj ptqq2
,
in general, }pt}Hs could be large as well. Therefore, small data theory does not di-
rectly apply in such situation. Moreover, G˜ contains the term
ř2
j“1
λj i
2π
p 9zjq2
pζpα,tq´zj ptqq3
,
which is even worse than pt if 9zjptq is large. In theorem 3, we do allow | λz1´z2 | large.
See Remark 7.
(4) If the point vortices collide, after the collision, we cannot use the same system to
describe the motion of the fluid anymore, for the reason that the vorticity after the
collision is not the same as that before it, which vialates the conservation of vorticity.
The idea: Intuitively, if each point vortices zjptqmoves away from the free boundary rapidly,
with the factor 1
zpα,tq´zjptq
decaying in time at least at a linear rate, then we could overcome
the difficulties (1) and (2). We will show that this indeed is true if (H3)-(H6) holds initially.
To overcome the difficulty (3), we use λ1 “ ´λ2 from assumption (H3), and by direct
calculation, }pt}Hs does not depend on 9z1, 9z2, resolving difficulty (3). Also, although the
term
∥
∥
∥
ř2
j“1
λj i
2π
p 9zjq2
pzpα,tq´zjptqq3
∥
∥
∥
Hs
could be large at time t “ 0, yet its long time effect remains
small, i.e., ż T
0
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
p 9zjq2
pzpα, tq ´ zjptqq3
∥
∥
∥
∥
∥
Hs
dt ď C 1ǫ,
for some constant C 1 which is independent of |λ|
4πxp0q
. So we are able to overcome the difficulty
of large vortex-vortex interaction, provided that the point vortices keeps traveling away from
the free interface.
However, the motion of point vortices interferes with the motion of the water waves, it’s
not obvious at all that why the point vortices should escape to the deep water (toward
y “ ´8). Indeed, in some cases, they can travel upwards toward the interface. Recall that
the velocity of zj is given by
9zjptq “ pv ´ λji
2π
1
z ´ zjptq
q
ˇˇˇ
z“zjptq
(66)
The point vortices could interact with each other and with the water waves. In general, it’s
not always true that Imt 9zjptqu ă 0 (i.e., travels downward).
In the following, we discuss how the number of point vortices, the sign of λj, and the
strength of |λj | affect the motion of point vortices.
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(1) For N “ 1, the motion of the point vortex is hard to predict except for some special
cases.
(2) For N “ 2, λ1 “ λ2. The two point vortices is more likely to rotate about each other
and excite the fluid.
(3) N “ 2, λ1 “ ´λ2 “ λ ą 0. In this case, the point vortices are more likely to move
upward and getting closer and closer to the interface and hence cause the Taylor sign
condition to fail.
(4) N “ 2, λ1 “ ´λ2 “ λ ă 0 and |λ||z1´z2| is relatively large (say,
|λ|
|z1´z2|
" ǫ, where ǫ is the
size of the initial data), then the point vortices moving straight downward rapidly
and hence the term 1
zpα,tq´zjptq
decays like t´1.
(5) N ě 3. This is far beyond understood. Indeed, even for 2d Euler equations (fixed
boundary) with point vortices, the problem is still not fully understood. WhenN “ 3,
the problem resembles the three-body problem .
(6) Vortex pairs. With 2N point vortices, denoted by tpzi1, zi2uNi“1. Let the corresponding
strength be λi1, λi2, respectively. Assume λi1 “ ´λi2 ă 0. Assume |zi1 ´ zi2| is
sufficiently small, while different pairs are sufficiently far away from each other. Then
the point vortices travel downward, at least for a short time. It’s likely that the factor
1
zpα,tq´zij
decays linearly in time. So long time existence will not be a surprise. For
brevity, we consider only one vortex pair.
Therefore, from the above discussion, if we assume N “ 2 and λ1 “ ´λ2 ă 0, we expect
that the point vortices keep traveling downward at a speed comparable to its initial speed,
hence
|ζpα, tq ´ zjptq|´1 “ Op 1
α` i |λ|
xp0q
t
q, (67)
and we can expect to have
pD2t ´ iABαqθ˜ “ Gc `Op
1
pα` i |λ|
xp0q
tq2
q,
and
pD2t ´ iABαqθ˜ “ pB2t ` |D|qθ˜ ` cubic`Op
1
pα` i |λ|
xp0q
tq2
,
hence
pB2t ` |D|qθ˜ “ cubic`Op
1
pα` i |λ|
xp0q
tq2
q.
Similarly, at least formally, we have
pB2t ` |D|qσ˜ “ cubic`Op
1
pα` i |λ|
xp0q
tq2 q.
From the discussion on the Toy model, we expect to prove lifespan of order Opǫ´2q for small
nonlocalized data of size Opǫq.
Let’s summarize our previous discussion in a more precisely way as the following.
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Step 1. Change of variables. Let κ be the change of variables such that pI ´Hqpζ¯ ´ αq “ 0,
where ζ “ z˝κ´1. Then we derive the formula (56) for the quantity b and the formula
(57) for the quantity A´ 1.
Step 2. Nonlinear transform. Let θ˜ “ θ ˝ κ´1, σ˜ “ Dtθ˜, where θ˜ “ pI ´Hqpζ ´ ζ¯q. Then we
derive water wave equations (59)-(61) for θ˜ and water wave equations (64)-(65) for
σ˜.
Step 3. Bootstrap assumption. Assume that on r0, T s, we have
}ζα ´ 1}Hs ď 5ǫ, }F}Hs`1{2 ď 5ǫ, }DtF}Hs ď 5ǫ , @ t P r0, T s, (68)
where F “ f ˝ κ´1.
Step 4. Control the motion of zjptq. Under the bootstrap assumption (68), we show that for
any t P r0, T s,
1
2
ď xptq
xp0q ď 2. (69)
In another words, the trajectory of the point vortices are almost parallel to each
other.
Therefore, we obtain decay estimate
dIptq´1 “
´
min
j“1,2
inf
αPR
|ζpα, tq ´ zjptq|
¯´1
ď p1` |λ|
20πxp0qtq
´1, (70)
Step 5. Energy estimates. Denote θk “ pI ´HqBkαθ˜, σk “ pI ´HqBkασ˜. Define energy
Eptq “
ÿ
0ďkďs
! ż 1
A
|Dtθk|2 `
ż
1
A
|Dtσk|2 ` i
ż
θkBαθk ` i
ż
σkBασk
)
. (71)
By energy estimates, use the time decay of 1
ζpα,tq´zjptq
, we obtain control of Dtθ˜ and
Dtσ˜. As a consequence, by bootstrap argument, we show that T
˚ ě δǫ´2.
Step 6. Change of variables back to lagrangian coordinates and completes the proof.
1.5. A remark on global existence and modified scattering. If the initial data is
suffciently localized similar to those considered by Ionescu & Pusateri in [27] and Alazard &
Delort in [2], then we expect to prove that the system (1) (or equivalently, the system (8)) is
globally wellposed and there is modified scattering. In this subsection, we explain why this
should be true.
Let’s consider localized initial data of size ǫ (in weighted Sobolev spaces), with ǫ small.
Let’s assume the assumptions (H3)-(H7) (The smallness assumption in Sobolev spaces is
replaced by smallness assumption in weighted Sobolev spaces). By Theorem 3, the system
(8) admits a unique solution on r0, δǫ´2s. For t P r0, δǫ´2s, the position of the point vortices
zj “ xj ` iyj satisfies
1
2
ď |xjptq||xjp0q| ď 2, yjptq ď ´
|λ|
20πxp0qt. (72)
Therefore, as long as the growth of the water waves (measured by ζα ´ 1, f, ft) is slow, the
vortex pair will keep travelling downward at a speed comparable to its initial speed, and
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therefore the effect of the point vortices will keep small for all time. Indeed, we haveż T
0
‖Gdp¨, tq‖Hs dt ď C 1ǫ, (73)
for some absolute constant C 1 ą 0 on any time r0, T s on which the solution exists. From this
point of view, the vortex pair is a globally small perturbation of the irrotational flow. If the
initial data is sufficiently localized, then the effect from the vortex pair is also localized, and
a similar argument as in [27] or [2] will give global existence and modified scattering.
1.6. Outline of the paper. In §1.7, we introduce some basic notation and convention.
Further notation and convention will be made throughout the paper if necessary. In §2
we will provide some analytical tools that will be used in later sections. In §3, we give a
systematic investigation of the Taylor sign condition. We give examples that Taylor sign
condition fails. We also give a sufficient condition which implies the strong Taylor sign
condition . In §4, we prove Theorem 2. In §5, we prove Theorem 3.
1.7. Notation and convention. We assume that the velocity field |vpz, tq| Ñ 0 as |z| Ñ 8.
We assume also that zpα, tq ´ α Ñ 0 as |α| Ñ 8. We use CpX1, X2, ..., Xkq to denote a
positive constant C depends continuous on the parameters X1, ..., Xk. Throughout this
paper, such constant CpX1, ..., Xkq could be different even we use the same letter C. The
commutator rA,Bs “ AB ´ BA. Given a function gp¨, tq : R Ñ R, the composition fp¨, tq ˝
g :“ fpgp¨, tq, tq. For a function fpα, tq along the free surface Σptq, we say f is holomorphic
in Ωptq if there is some holomorphic function F : Ωptq Ñ C such that f “ F |Σptq. We identify
the R2 with the complex plane. A point px, yq is identified as x` iy. For a point z “ x` iy,
z¯ represents the complex conjugate of z.
2. Preliminaries and basic analysis
Lemma 2 (Sobolev embedding). Let s ą 1{2. Let f P HspRq. Then f P L8, and
}f}8 ď C}f}Hs,
where C “ Cpsq. If s “ 1, we can take C “ 1.
2.1. Hilbert transform, layer potentials.
Definition 2 (Hilbert transform). We define the Hilbert transform associates with a curve
zpα, tq as
Hfpαq :“ 1
πi
p.v.
ż 8
´8
zβpβ, tq
zpα, tq ´ zpβ, tqfpβ, tqdβ. (74)
The standard Hilbert transform is the one associated with zpαq “ α, which is denoted by
Hfpαq :“ 1
πi
p.v.
ż 8
´8
1
α ´ βfpβqdβ. (75)
It is well-known that the following holds:
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Lemma 3. Let f P L2pRq. Then f is the boundary value of a holomorphic function in Ωptq
if and only if pI ´ Hqf “ 0. f is the boundary value of a holomorphic function in Ωptqc if
and only if pI ` Hqf “ 0.
Because of the singularity of the velocity at the point vortices, we don’t have pI´Hqz¯t “ 0.
However, the following lemma asserts that z¯t is almost holomorphic, in the sense that pI´Hqz¯t
consists of lower order terms.
Lemma 4 (Almost holomorphicity). We have
pI ´ Hqz¯t “´ i
π
Nÿ
j“1
λj
zpα, tq ´ zjptq . (76)
Proof. Since z¯t`
řN
j“1
λj i
2πpzpα,tq´zj ptqq
is the boundary value of a holomorphic function in Ωptq,
by lemma 3,
pI ´ Hq
´
z¯t `
Nÿ
j“1
λji
2πpzpα, tq ´ zjptqq
¯
“ 0,
hence
pI ´ Hqz¯t “ ´
Nÿ
j“1
pI ´ Hq λji
2πpzpα, tq ´ zjptqq . (77)
Since 1
zpα,tq´zjptq
is the boundary value of the holomorphic function 1
z´zjptq
in Ωptqc, by lemma
3 again, we have
pI ´ Hq 1
zpα, tq ´ zjptq “
2
zpα, tq ´ zjptq . (78)
(77) together with (78) complete the proof of the lemma. 
Definition 3 (Double layer potential).
Kfpαq :“ p.v.
ż 8
´8
Ret 1
πi
zβ
zpα, tq ´ zpβ, tqufpβqdβ. (79)
Definition 4 (Adjoint of double layer potential).
K˚fpαq :“ p.v.
ż 8
´8
Ret´ 1
πi
zα
|zα|
|zβ|
zpα, tq ´ zpβ, tqufpβqdβ. (80)
Lemma 5. Let zpαq be a chord-arc curve such that
β0|α ´ β| ď |zpαq ´ zpβq| ď β1|α ´ β|, @ α, β P R. (81)
Then we have
‖Hf‖L2 ď Cpβ0, β1q}f}L2. (82)
‖Kf‖L2 ď Cpβ0, β1q}f}L2. (83)
‖K˚f‖L2 ď Cpβ0, β1q}f}L2. (84)
∥
∥pI ˘ Kq´1f∥∥
L2
ď Cpβ0, β1q}f}L2. (85)
}pI ˘ K˚q´1f}L2 ď Cpβ0, β1q}f}L2. (86)
For proof, see for example [11], [42].
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2.2. Commutator estimates. Denote
S1pA, fq “ p.v.
ż mź
j“1
Ajpαq ´ Ajpβq
γjpαq ´ γjpβq
fpβq
γ0pαq ´ γ0pβqdβ. (87)
S2pA, fq “
ż mź
j“1
Ajpαq ´ Ajpβq
γjpαq ´ γjpβq fβpβqdβ. (88)
We have the following comutator estimates, which can be found in [44], [51].
Lemma 6. (1) Assume each γj satisfies the chord-arc condition
C0,j|α ´ β| ď |γjpαq ´ γjpβq| ď C1,j |α ´ β|. (89)
Then both ‖S1pA, fq‖L2 and ‖S2pA, fq‖L2 are bounded by
C
mź
j“1
∥
∥A1j
∥
∥
Xj
‖f‖X0 ,
where one of the X0, X1, ...Xm is equal to L
2 and the rest are L8. The constant C depends
on
∥
∥γ1j
∥
∥
´1
L8
, j “ 1, .., m.
(2) Let s ě 3 be given, and suppose chord-arc condition (89) holds for each γj, then
‖S2pA, fq‖Hs ď C
mź
j“1
∥
∥A1j
∥
∥
Yj
‖f‖Z ,
where for all j “ 1, ..., m, Yj “ Hs´1 or W s´2,8 and Z “ Hs or W s´1,8. The constant C
depends on
∥
∥γ1j
∥
∥
Hs´1
, ‖γj‖
´1
8 , j “ 1, ..., m.
As a consequence of lemma 6, we have the following commutator estimates.
Lemma 7. Let k ě 1. Assume zpα, tq satisfies chord-arc condition
C1|α ´ β| ď |zpα, tq ´ zpβ, tq| ď C2|α ´ β|, (90)
and zα ´ 1 P Hk´1. Then
∥
∥rBkα,Hsf
∥
∥
L2
ď C}Bαf}Hk´1, (91)
where the constant C “ Cp}zα ´ 1}Hk´1, C1, C2q.
Proof. Use
rBkα,Hs “
kÿ
l“0
BlαrBα,HsBk´lα
Then use induction to complete the proof. 
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2.3. Some estimates involving point vortices. In this subsection we estimate some
integrals involving the point vortices.
Lemma 8. Assume zpα, tq satisfies the same condition as in lemma 7. Let k ą 1. Thenż 8
´8
1
|zjptq ´ zpβ, tq|k dβ ď CdIptq
´k`1, (92)
where C “ 4C´10 ` 4C
k´1
1
pk´1qCk´1
0
.
Proof. We may assume that dIptq “ dpzjptq, zp0, tqq.ż 8
´8
1
|zjptq ´ zpβ, tq|k dβ
“
ż
|zp0,tq´zpβ,tq|ď2dI ptq
1
|zjptq ´ zpβ, tq|k dβ `
ż
|zp0,tq´zpβ,tq|ě2dI ptq
1
|zjptq ´ zpβ, tq|k dβ
:“I ` II .
Denote
E :“ tβ : |zp0, tq ´ zpβ, tq| ď 2dIptqu.
Since
C0|β ´ 0| ď |zpβ, tq ´ zp0, tq|,
we have for β P E,
|β ´ 0| ď 2
C0
dIptq.
Therefore
I ď4C´10 dIptq´k`1.
For β P Ec, use the chord-arc condition (90), we have
|zpβ, tq ´ zp0, tq ´ dIptq| ě |zpβ, tq ´ zp0, tq| ´ dIptq ě 1
2
|zpβ, tq ´ zp0, tq| ě C0
2
|β ´ 0|. (93)
Also, we have
C1|β ´ 0| ě |zpβ, tq ´ zp0, tq| ě 2dIptq. (94)
So
|β| ě 2
C1
dIptq (95)
Therefore, for II , we have
II ď 2
k
Ck0
ż
|β|ě 2
C1
dI ptq
|β|´kdβ “ 2 2
k
pk ´ 1qCk0
Ck´11
2k´1
dIptq´k`1 “ 4C
k´1
1
pk ´ 1qCk´10
dIptq´k`1.

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Corollary 1. Assume zpα, tq satisfies the same condition as in lemma 7. Given m ě 2,
there exist C “ pk `mq!CpC0, C1, ‖zα ´ 1‖Hm´1q such that
∥
∥
∥
∥
1
pzpα, tq ´ zjptqqk
∥
∥
∥
∥
Hm
ď CpdIptq´k`1{2 ` dIptq´k´m`1{2q (96)
In particular, if dIptq ě 1, then we have
∥
∥
∥
∥
1
pzpα, tq ´ zjptqqk
∥
∥
∥
∥
Hm
ď CdIptq´k`1{2. (97)
2.4. Basic identities.
Lemma 9. Assume zt, zα ´ 1 P C1pr0, T s;H1pRqq, f P CpR ˆ r0, T sq and fαpα, tq Ñ 0 as
|α| Ñ 8. We have
rBt,Hsf “rzt,Hsftα
zα
(98)
rB2t ,Hsf “2rztt,Hs
fα
zα
` 2rzt,Hsftα
zα
´ 1
πi
ż
pztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq q
2fβpβ, tqdβ (99)
raBα,Hsf “razα,Hsfα
zα
, BαHf “ zαHfα
zα
(100)
rB2t ´ iaBα,Hsf “2rzt,Hs
ftα
zα
´ 1
πi
ż
pztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq q
2fβpβ, tqdβ (101)
For proof, see [51].
Lemma 10. Let Dt “ Bt ` bBα, then
rD2t , Bαs “ ´DtpbαqBα ´ bαDtBα ´ bαBαDt (102)
rD2t , Bkαs “
k´1ÿ
m“0
”
Bmα pDtbαqBk´mα ` Bmα pbαBk´mα Dtq ` Bmα pbαrbBα, Bk´mα sq ` Bmα bαBk´mα Dt
` Bmα bαrbBα, bsBk´m´1α
ı (103)
Proof. It’s easy to see that
rD2t , Bkαs “ ´
k´1ÿ
m“0
”
Bmα pDtbαqBk´mα ` Bmα pbαDtBk´mα q ` Bmα bαBαDtBk´m´1α
ı
“´
k´1ÿ
m“0
”
Bmα pDtbαqBk´mα ` Bmα pbαBk´mα Dtq ` Bmα pbαrbBα, Bk´mα sq ` Bmα bαBk´mα Dt
` Bmα bαrbBα, bsBk´m´1α
ı

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2.5. Preservation of symmetries. The water waves with point vortices preserve the sym-
metry (H4). Such symmetry is well-known if there is no point vortex.
Lemma 11 (Preservation of symmetries). Let Ωp0q P R2 be symmetric about x “ 0. Let
RetF u be odd in x, and ImtF u be even in x at time t “ 0. Suppose the solution to the
system (1) exists on r0, T0s. Then RetF u remains odd in x, and ImtF u remains even in x
for all t P r0, T0s.
This is the consequence of the uniqueness of the solutions to equation (1).
3. Taylor sign condition
In this section we give a systematic study of the Taylor sign condition. We derive the
formula (20), and then use this formula to show that the Taylor sign condition could fail if
the point vortices are sufficiently close to the free interface. We also obtain a criterion for
the Taylor sign condition to hold.
3.1. The Taylor sign condition in Riemann variables. Recall that z¯t`
řN
j“1
λj i
2πpzpα,tq´zj ptqq
is holomorphic, i.e., there is a holomorphic function F pz, tq in Ωptq such that
F pzpα, tq, tq “ z¯tpα, tq `
Nÿ
j“1
λji
2πpzpα, tq ´ zjptqq .
So we have
z¯tt “Btz¯t “ Bt
´
F pzpα, tq, tq ´
Nÿ
j“1
λji
2πpzpα, tq ´ zjptqq
¯
“Fzpzpα, tq, tqzt ` Ft `
Nÿ
j“1
λjipztpα, tq ´ 9zjptqq
2πpzpα, tq ´ zjptqq2
(104)
Note that
9zjptq “ pv ´ λji
2πpz ´ zjptqq
q
ˇˇˇ
z“zjptq
“ F¯ pzjptq, tq ´
ÿ
k:k‰j
λki
2πzkptq ´ zjptq
(105)
Let Φp¨, tq : Ωptq Ñ P´ be the Riemann mapping such that Φz Ñ 1 as z Ñ 8. Let
hpα, tq :“ Φpzpα, tq, tq. Denote 2
Zpα, tq :“ z ˝ h´1pα, tq, b “ ht ˝ h´1, Dt :“ Bt ` bBα, (106)
A :“ pahαq ˝ h´1. (107)
Use (104), apply h´1 on both sides of z¯tt ` iaz¯α “ i, we obtain
Fz ˝ Zpα, tqDtZ`Ft ˝ Zpα, tq `
Nÿ
j“1
λjipDtZpα, tq ´ 9zjptqq
2πpZpα, tq ´ zjptqq2 ` iAZ¯α “ i. (108)
2In §5, we also use the notation A, b,Dt. We’d like the readers to keep in mind that they are not the
same. In §5, A “ paκαq ˝ κ
´1, b “ κt ˝ κ
´1, Dt “ Bt ` κt ˝ κ
´1Bα.
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Multiply by Zα on both sides of (108), and denote
A1 :“ A|Zα|2,
we obtain
Fz ˝ ZZαDtZ ` Ft ˝ ZZα `
Nÿ
j“1
λjiDtZZα ´ λji 9zjptqZα
2πpZpα, tq ´ zjptqq2 ` iA1 “ iZα. (109)
Apply I ´H on both sides of the above equation, then take imaginary parts, we obtain
A1 “ 1´ Im
!
pI ´HqpFz ˝ ZZαDtZq ` pI ´Hq
Nÿ
j“1
λjipDtZZα ´ 9zjptqZαq
2πpZpα, tq ´ zjptqq2
)
(110)
Note that
Fz ˝ ZZα “ BαpDtZ¯ `
Nÿ
j“1
λji
2πpZpα, tq ´ zjptqqq “ BαDtZ¯ ´
Nÿ
j“1
λjiZα
2πpZpα, tq ´ zjptqq2
is holomorphic. So we have
pI ´HqFz ˝ ZZαDtZ “rDtZ,HspBαDtZ¯ ´
Nÿ
j“1
λjiZα
2πpZpα, tq ´ zjptqq2 q
“rDtZ,HsBαDtZ¯ ´
Nÿ
j“1
rDtZ,Hs λjiZα
2πpZpα, tq ´ zjptqq2 q
(111)
We know that
´ ImrDtZ,HsBαDtZ¯ “ 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα´ βq2 dβ ě 0. (112)
Also,
´
Nÿ
j“1
rDtZ,Hs λjiZα
2πpZpα, tq ´ zjptqq2 q ` pI ´Hq
Nÿ
j“1
λjipDtZZα ´ 9zjptqZαq
2πpZpα, tq ´ zjptqq2
“
Nÿ
j“1
rDtZ, I ´Hs λjiZα
2πpZpα, tq ´ zjptqq2 q ` pI ´Hq
Nÿ
j“1
λjipDtZZα ´ 9zjptqZαq
2πpZpα, tq ´ zjptqq2
“
Nÿ
j“1
λji
2π
DtZpI ´Hq ZαpZpα, tq ´ zjptqq2 ´
Nÿ
j“1
λji
2π
pI ´Hq 9zjptqZαpZpα, tq ´ zjptqq2
“
Nÿ
j“1
λji
2π
´
pI ´Hq ZαpZpα, tq ´ zjptqq2
¯
pDtZ ´ 9zjptqq
(113)
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So we have
A1 “1` 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα ´ βq2 dβ ´ Im
! Nÿ
j“1
λji
2π
´
pI ´Hq ZαpZpα, tq ´ zjptqq2
¯
pDtZ ´ 9zjptqq
)
“1` 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα ´ βq2 dβ ´
Nÿ
j“1
λj
2π
Re
!´
pI ´Hq ZαpZpα, tq ´ zjptqq2
¯
pDtZ ´ 9zjptqq
)
(114)
To get an estimate as sharp as possible for the Taylor sign condition, we’d like to get rid of
the Hilbert transform H in the formula above.
It’s easy to see that, if Z “ α, then Zβ
pZpβ,tq´zjptqq2
pDtZ ´ 9zjptqq is boundary value of a
holomorphic function in P`, so´
pI ´Hq ZαpZpα, tq ´ zjptqq2
¯
pDtZ ´ 9zjptqq “ 2 ZαpZpα, tq ´ zjptqq2 pDtZ ´ 9zjptqq
For the general case, we use the following lemma.
Lemma 12. Let z0 P Ωptq. Then
pI ´Hq 1
Zpα, tq ´ z0 “
2
c1pα ´ w0q , c1 “ pΦ
´1qzpw0q, w0 “ Φpz0, tq. (115)
Proof. Note that Zpα, tq “ Φ´1pα, tq. So Zpα, tq´z0 is the boundary value of Φ´1pz, tq´z0 in
the lower half plane. Since Φ´1 is 1-1 and onto, Φ´1pz, tq´ z0 has a unique zero w0 :“ Φpz0q,
so 1
Zpα,tq´z0
has a exactly one pole of multiplicity one. For z near w0, we have
Φ´1pz, tq ´ z0 “ c1pz ´ w0q `
8ÿ
n“2
cnpz ´ w0qn, where c1 “ pΦ´1qzpw0q ‰ 0. (116)
Therefore, we have 1
Zpα,tq´z0
´ 1
c1pα´w0q
is holomorphic in P´, and hence
pI ´Hqp 1
Zpα, tq ´ z0 ´
1
c1pα´ w0qq “ 0. (117)
Since 1
c1pα´w0q
is holomorphic in P`, we obtain
pI ´Hq 1
Zpα, tq ´ z0 “ pI ´Hq
1
c1pα ´ w0q “
2
c1pα ´ w0q . (118)

Corollary 2. We have
pI ´Hq ZαpZpα, tq ´ zjptqq2 “
2
pΦ´1qzpΦpzjptqqqpα´ Φpzjptqqq2 (119)
Proof. We have
pI ´Hq ZαpZpα, tq ´ zjptqq2 “ ´BαpI ´Hq
1
Zpα, tq ´ zjptq
“ ´ Bα 2pΦ´1qzpΦpzjptqqqpα ´ Φpzjptqqq
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“ 2pΦ´1qzpΦpzjptqqqpα´ Φpzjptqqq2 .

Corollary 3. We have
A1 “ 1` 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα ´ βq2 dβ ´
Nÿ
j“1
λj
π
Re
! DtZ ´ 9zj
c
j
0pα´ wj0q2
)
, (120)
where
c
j
0 “ pΦ´1qzpωj0q, ωj0 “ Φpzjq. (121)
3.2. A formula for A1 when Zpα, tq “ α, DtZ “
řN
j“1
λj i
2π
1
α´zjptq
. If the point vortices are
very close to the interface, then Taylor sign condition can fail. To see this, we study the
special case when Zpα, tq “ α and DtZpα, tq “
řN
j“1
λj i
2π
1
α´zjptq
. Since the integral term of
the formula (120) is nonlocal, in order to obtain a more convenient form of (120), we use
residue theorem to calculate this integral. We’ll use the following formula.
Lemma 13. Let w1, w2 P P´. Thenż 8
´8
1
pβ ´ w1qpβ ´ w2qdβ “
2πi
w2 ´ w1 (122)
Proof. w2 is the only residue of
1
pβ´w1qpβ´w2q
in P`. By residue Theorem,ż 8
´8
1
pβ ´ w1qpβ ´ w2qdβ “
2πi
w2 ´ w1 .

As a consequence, we have
Corollary 4. Assume Zpα, tq “ α, DtZ “
řN
j“1
λj i
2π
1
α´zjptq
. We have
1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα ´ βq2 dβ “
ÿ
1ďj,kďN
λjλk
p2πq2
1
pα´ zjqpα ´ zkq
i
zk ´ zj . (123)
Proof. We have
DtZpα, tq ´Dtpβ, tq “
Nÿ
j“1
λji
2π
β ´ α
pα´ zjqpβ ´ zjq
. (124)
So we have ˇˇˇ
DtZpα, tq ´Dtpβ, tq
α ´ β
ˇˇˇ2
“
ˇˇˇ Nÿ
j“1
λj
2π
1
pα ´ zjqpβ ´ zjq
ˇˇˇ2
“
Nÿ
j“1
Nÿ
k“1
λjλk
p2πq2
1
pα ´ zjqpβ ´ zjqpα ´ zkqpβ ´ zkq
(125)
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Apply lemma 13, we haveż 8
´8
1
pα ´ zjqpβ ´ zjqpα ´ zkqpβ ´ zkq
dβ “ 1pα ´ zjqpα ´ zkq
2πi
zk ´ zj .
So we have
1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα´ βq2 dβ “
ÿ
1ďj,kďN
λjλk
p2πq3
1
pα ´ zjqpα ´ zkq
2πi
zk ´ zj
“
ÿ
1ďj,kďN
λjλk
p2πq2
1
pα ´ zjqpα ´ zkq
i
zk ´ zj .

Corollary 5. Assume Zpα, tq “ α, DtZ “
řN
j“1
λj i
2π
1
α´zjptq
. Then
A1 “ 1`
ÿ
1ďj,kďN
λjλk
p2πq2
1
pα´ zjqpα ´ zkq
i
zk ´ zj ´
Nÿ
j“1
λj
π
Re
!DtZ ´ 9zj
pα ´ zjq2
)
. (126)
In the following two subsections, we use Corollary 5 to construct examples for which the
Taylor sign condition fails.
3.3. One point vortex: An example that the Taylor condition fails. We have the
following characterization. Recall that A1
|Zα|
“ ´BP
Bn
.
Proposition 1. Assume that at time t, the interface is Σptq “ R, the fluid velocity is
vpz, tq “ λi
2π
1
z´z1ptq
, i.e., it is generated by a single point vortex z1ptq :“ xptq ` iyptq. Then
(1) If λ
2
|y|3
ă 8π2
3
, strong Taylor sign condition holds. We have
inf
αPR
A1pα, tq ě 1´ 3
8π2
λ2
|y|3 ą 0. (127)
(2) If λ
2
|y|3
ą 8π2
3
, Taylor sign condition fails, i.e., there exists α P R such that A1pα, tq ă 0.
(3) If λ
2
|y|3
“ 8π2
3
, ’Degenerate Taylor sign condition’ holds, i.e.,
A1pα, tq ą 0, @ α ‰ xptq; and A1pxptq, tq “ 0. (128)
Remark 8. The quantity λ
2
|y|3
is a measurement of the interface-vortex interaction. λ is the
intensity of the point vortex, and |y| is the distance from the point vortex to the interface.
Proof. Note that
9z1ptq “ 0.
So we have
´
Nÿ
j“1
λj
π
Re
!DtZ ´ 9zj
pα ´ zjq2
)
“´ λ
π
Re
! DtZpα, tq
pα ´ z1ptqq2
)
“´ λ
π
Re
! 1
pα ´ z1ptqq2
λi
2πα´ z1ptq
)
“ λ
2
2π2
y
|α ´ z1ptq|4 .
(129)
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Therefore, by Corollary 5, we have
A1pα, tq “1` λ
2
4π2
1
|α ´ z1|2
i
´2iy `
λ2
2π2
y
|α ´ z1ptq|4 .
Without loss of generality, we can assume x “ 0. Setting BαA1pα, tq “ 0, it’s easy to see
that A1pα, tq admits a unique local minimum at α “ x “ 0. Moreover, it’s easy to see that
lim
αÑ˘8
A1pα, tq “ 1. (130)
Therefore, infαPRApα, tq ď 0 if and only if A1p0, tq ď 0.
We have
A1p0, tq “ 1´ λ
2
8π2
1
y3
` λ
2
2π2
1
y3
“ 1´ 3λ
2
8π2
1
|y|3 .
If λ
2
|y|3
ă 8π2
3
, then Apα, tq ě Ap0, tq ą 0. If λ2
|y|3
ą 8π2
3
, then A1p0, tq ă 0. If λ2|y|3 “ 8π
2
3
, then
A1p0, tq “ 0, and for α ‰ 0, A1pα, tq ą A1p0, tq “ 0. 
3.4. Two point vortices: Another example that Taylor sign condition fails. We
show that if the point vortices are too close to the interface, then the Taylor sign condition
fails.
Assume that Zpα, tq “ α. Assume DtZ “
ř2
j“1
λj i
2π
1
α´zjptq
. Assume z1ptq “ ´xptq ` iyptq,
z2ptq “ xptq ` iyptq, with xptq ą 0, yptq ă 0, and λ1 “ ´λ2 :“ λ. Let’s calculate A1p0, tq.
We have
DtZpα, tq “
2ÿ
j“1
λji
2π
1
α ´ zjptq
“ λi
2π
z1ptq ´ z2ptq
pα ´ z1ptqqpα´ z2ptqq
Since z1 ´ z2 “ ´2x,
DtZp0, tq “ λi
π
x
x2 ` y2 .
At α “ 0, we have
2ÿ
j“1
λj
π
1
p0´ zjptqq2 “
λ
π
4xyi
px2 ` y2q2 .
So
´
2ÿ
j“1
λj
π
1
p0´ zjptqq2DtZp0q “ ´
λi
π
x
x2 ` y2
λ
π
4xyi
px2 ` y2q2 “
4λ2x2y
π2px2 ` y2q3 (131)
We have
9z1 “ ´λi
2π
1
z1 ´ z2 “
λi
4π
1
x
.
9z2 “ λi
2π
1
z2 ´ z1 “
λi
4π
1
x
.
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So we have
2ÿ
j“1
λj
π
1
p0´ zjq2 9zjptq “
λi
4π
1
x
2ÿ
j“1
λj
π
1
p0´ zjq2 “
λi
4πx
λ
π
4xyi
px2 ` y2q2 “ ´
λ2y
π2px2 ` y2q2 .
So we have
´
Nÿ
j“1
λj
π
Re
! 1
p0´ zjptqq2 pDtZp0, tq ´ 9zjptqq
)
“ λ
2yp3x2 ´ y2q
π2px2 ` y2q3 .
On the other hand, we haveÿ
1ďj,kď2
λjλk
p2πq2
1
p0´ zjqp0´ zkq
i
zk ´ zj
“ λ
2
4π2
1
|z1|2
i
z¯1 ´ z1 `
λ2
4π2
1
|z2|2
i
z¯2 ´ z2 ´
λ2
4π2
1
z1z¯2
i
z¯2 ´ z1 ´
λ2
4π2
1
z2z¯1
i
z¯1 ´ z2
“ λ
2
4π2
1
|z1|2
1
|y| ` 2Re
! λ2
8π2
i
px´ iyq3
)
“ λ
2
4π2
1
x2 ` y2
1
|y| `
λ2
4π2
y3 ´ 3x2y
px2 ` y2q3
“ λ
2
4π2
x4 ` 5x2y2
|y|px2 ` y2q3 .
Therefore, by Corollary 5, we have
A1p0, tq “1` λ
2
4π2
x4 ` 5x2y2
|y|px2 ` y2q3 `
λ2yp3x2 ´ y2q
π2px2 ` y2q3
“1` λ
2
4π2
x4 ` 5x2y2 ´ 12x2y2 ` 4y4
|y|px2 ` y2q3
“1` λ
2
4π2
x4 ` 4y4 ´ 7x2y2
|y|px2 ` y2q3
(132)
So we have
Proposition 2. Assume that at time t, the interface is Σptq “ R, the fluid velocity is
vpz, tq “ ř2j“1 λj i2π 1z´zjptq , where λ1 “ ´λ2 :“ λ. Assume
z1ptq “ ´x` iy, z2ptq “ x` iy, where x ą 0, y ă 0.
If
1` λ
2
4π2
x4 ` 4y4 ´ 7x2y2
|y|px2 ` y2q3 ă 0, (133)
then Taylor sign condition fails.
Corollary 6. Under the assumption of Proposition 2, if |x| “ |y| and λ2
|y|3
ą 16π2, then the
strong Taylor sign condition fails.
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3.5. A criterion that implies the strong Taylor sign condition. If the vortex-vortex,
vortex-interface interaction is weak, then the Taylor sign condition holds. Let’s recall that
we denote F by
F¯ pz, tq :“ vpz, tq ´
Nÿ
j“1
λji
2π
1
z ´ zjptq
. (134)
We have the following.
Proposition 3. Assume infαPR |Zα| “ β0, }F }8 “M0. Denote
λ˜ “:
řN
j“1 |λj |
π
, d˜Iptq :“ min
1ďjďN
inf
αPR
|α ´ Φpzjptqq|, d˜P ptq “ min
j‰k
|zjptq ´ zkptq|.
If
λ˜2
2d˜Iptq3β0
` λ˜
2
2d˜Iptq2d˜P ptq
` 2M0λ˜
d˜Iptq2
ă β0, (135)
then the strong Taylor sign condition holds.
Proof. Use formula
A1 “ 1` 1
2π
ż |DtZpα, tq ´DtZpβ, tq|2
pα´ βq2 dβ ´
Nÿ
j“1
λj
π
Re
! DtZ ´ 9zj
c
j
0pα ´ ωj0q2
)
(136)
For
řN
j“1
λj
π
Re
!
DtZ´ 9zj
c
j
0
pα´ωj
0
q2
)
, we have
ˇˇˇ Nÿ
j“1
λj
π
Re
! DtZ ´ 9zj
c
j
0pα´ ωj0q2
)ˇˇˇ
ď
řN
j“1 |λj |
π
max
1ďjďN
|cj0|´1p}DtZ}8 ` | 9zj |qpinf
αPR
|α ´ Φpzjq|q´2
Since Zpαq “ Φ´1pαq, we have BαΦ´1pαq “ Zα and BαΦ´1pαq is the boundary value of
pΦ´1qz. Note that pΦ´1qz never vanishes. By maximum modules principle of holomorphic
functions (apply to 1
pΦ´1qz
),
|cj0| “ |pΦ´1qzpΦpzjqq| ě inf
αPR
|Zα| ě β0. (137)
Since
Zpα, tq ´ zjptq “ Φ´1pα, tq ´ Φ´1pωj0q “ Φ´1z pz1qpα´ ωj0q (138)
for some z1 P P´, so we have
|Zpα, tq ´ zjptq| ě β0|α ´ ωj0|. (139)
Therefore,
|DtZ| ď |F | `
Nÿ
j“1
|λj|
2πβ0
1
|α ´ ωj0|
“M0 ` λ˜
2d˜Iptqβ0
.
similarly,
| 9zjptq| “ |F¯ `
ÿ
k‰j
λki
2π
1
zjptq ´ zkptq
| ďM0 `
řN
j“1 |λj|
2π
d˜P ptq´1 “M0 ` λ˜
2d˜P ptq
.
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So we obtain
|
Nÿ
j“1
λj
π
Re
! DtZ ´ 9zj
c
j
0pα ´ ωj0q2
)
| ďβ´10
λ˜
d˜Iptq2
pM0 ` λ˜
2d˜Iptqβ0
`M0 ` λ˜
2d˜P ptq
q
ďβ´10 p
λ˜2
2d˜Iptq3β0
` λ˜
2
2d˜Iptq2d˜P ptq
` 2M0λ˜
d˜Iptq2
q.
If (135) holds, then
|
Nÿ
j“1
λj
π
Re
! DtZ ´ 9zj
c
j
1pα ´ ωj0q2
)
| ă 1.
Then A1 ą 0, so strong Taylor sign condition holds. 
In particular, if Zα „ 1, dIptq Á 1, M0 ! 1, and |λ| ! 1, then the strong Taylor sign
condition holds.
4. Local wellposedness: proof of Theorem 2
In this section we prove Theorem 2, i.e., prove local wellposedness of water waves with gen-
eral N point vortices. As was explained in the introduction, our strategy is to quasilinearize
the system (8) by taking one time derivative of the momentum equation pB2t ` iaBαqz¯ “ i,
and then obtain a closed energy estimate.
Recall that we assume
inf
αPR
apα, 0q|zαpα, 0q| ě α0 ą 0. (140)
C1|α ´ β| ď |zpα, 0q ´ zpβ, 0q| ď C2|α ´ β|. (141)
Let T0 ě 0, we make the following a priori assumptions:
inf
tPr0,T0s
inf
αPR
apα, tq|zαpα, tq| ě α0
2
,
1
2
C1|α ´ β| ď |zpα, 0q ´ zpβ, 0q| ď 2C2|α ´ β|, (142)
and
sup
tPr0,T0s
}zttp¨, tq}H1 ď 2}w0}H1 . (143)
Without loss of generality, we assume T0 ď 1.
Remark 9. The a priori assumptions (142) and (143) hold at t “ 0. For 0 ă t ď T0, (142)
and (143) will be justified by a bootstrap argument.
4.1. Velocity and acceleration of the point vortices. For water waves with point vor-
tices, the motion of the point vortices affects the dynamics of the water waves in a funda-
mental way, so we need to have a good understanding of the velocity and acceleration of the
point vortices. We decompose the velocity field v¯ as
v¯pz, tq “ F pz, tq ´
Nÿ
j“1
λji
2π
1
z ´ zjptq . (144)
So F is holomorphic in Ωptq. We have the following estimate for the velocity and acceleration
of the point vortices.
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Lemma 14. Assume that the assumptions of Theorem 2 hold, and assume the a priori
assumptions (142) and (143). Then
| 9zjptq| ` |:zjptq| ď CpNλmax, }zt}H2, }ztt}H1, dIptq´1, dP ptq´1, C1q. (145)
where
λmax “ max
1ďjďN
|λj |, (146)
and C : pR` Y t0uq6 Ñ R` Y t0u is a polynomial with positive coefficients.
Proof. The main tool is the maximum principle of holomorphic functions.
Estimate 9zj: By (14), we have
9zjptq “pv ´ λji
z ´ zjptq
q
ˇˇˇ
z“zjptq
“
ÿ
1ďkďN,k‰j
λki
2πpzjptq ´ zkptqq
` F¯ pzjptqq. (147)
Note that F¯ is an anti-holomorphic function with boundary value zt ´
řN
j“1
λj i
2π
1
zpα,tq´zjptqq
,
by maximum principle, we have
|F¯ pzjptq, tq| ď ‖F p¨, tq‖L8pΣptqq “
∥
∥
∥
∥
∥
zt ´
Nÿ
j“1
λji
2π
1
zpα, tq ´ zjptqq
∥
∥
∥
∥
∥
8
. (148)
By Triangle inequality, we obtain
| 9zjptq| ď}zt}8 `
∥
∥
∥
∥
∥
ÿ
k‰j
λki
2πpzjptq ´ zkptqq
∥
∥
∥
∥
∥
8
`
∥
∥
∥
∥
∥
Nÿ
k“1
λki
2πzpα, tq ´ zkptq
∥
∥
∥
∥
∥
8
ď}zt}H1 `NλmaxpdP ptq´1 ` dIptq´1q.
(149)
Estimate :zjptq: Take time derivative of both sides of 9zjptq “
ř
k:k‰j
λki
2πpzjptq´zkptqq
`F¯ pzjptq, tq,
we obtain
:zjptq “ ´
ÿ
k:k‰j
λki 9zjptq ´ 9zkptq
2πpzjptq ´ zkptqq2
` F¯zpzjptq, tq 9zjptq ` F¯tpzjptq, tq (150)
The boundary value of Fz is
Fzpzpα, tq, tq “ BαF pzpα, tq, tq
zα
“ z¯tα
zα
´
Nÿ
j“1
λji
2π
1
pzpα, tq ´ zjptqq2 . (151)
So
|Fzpzpα, tq, tq| ď ‖ztα‖8
∥
∥
∥
∥
1
zα
∥
∥
∥
∥
8
`NλmaxdIptq´2. (152)
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The boundary value of Ft is
Ftpzpα, tq, tq “BtF pzpα, tq, tq ´ BαF pzpα, tq, tq
zα
zt
“Bt
´
z¯t `
Nÿ
j“1
λji
2π
1
zpα, tq ´ zjptq
¯
´
Bαpz¯t `
řN
j“1
λj i
2π
1
zpα,tq´zjptq
zα
zt
“z¯tt ´
Nÿ
j“1
λji
2π
zt ´ 9zjptq
pzpα, tq ´ zjptqq2 ´
z¯tα
zα
zt `
Nÿ
j“1
λji
2π
zt
pzpα, tq ´ zjptqq2
(153)
By maximum principle,
}Ft}8 “
∥
∥
∥
∥
∥
z¯tt ´
Nÿ
j“1
λji
2π
zt ´ 9zjptq
pzpα, tq ´ zjptqq2 ´
z¯tα
zα
zt `
Nÿ
j“1
λji
2π
zt
pzpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
8
ď ‖ztt‖8 ` }ztα}8
∥
∥
∥
∥
1
zα
∥
∥
∥
∥
8
}zt}8 `Nλmax}zt}8dIptq´2 `Nλmax| 9zjptq|dIptq´2.
By a priori assumption (142), for smooth free interface, we have
inf
αPR
|zαpα, tq| ě C1
2
. (154)
Substitute the estimate from the previous lemma for 9zjptq, use Sobolev embedding }f}L8 ď
}f}H1, we have
|:zjptq| ď
!
NλmaxdP ptq´2p}zt}H1 `NλmaxpdP ptq´1 ` dIptq´1qq
)
`
!
}ztt}H1 ` 2
C1
}zt}H2}zt}H1
`Nλmax}zt}H1dIptq´2 `Nλmaxp}zt}H1 `NλmaxpdP ptq´1 ` dIptq´1qqdIptq´2
)
`
!
pp}zt}H1 `NλmaxpdP ptq´1 ` dIptq´1qq 2
C1
}zt}H2 `NλmaxdIptq´2q
)
(155)
(Here, the first bracket is the estimate for ´řk‰j λki 9zjptq´ 9zkptq2πpzjptq´zkptqq2 , the second bracket is the
estimate for F¯z 9zjptq, and the third bracket is the estimate for F¯tpzjptq, tq).
In abbreviate form, we write the estimate for 9zjptq, :zjptq as
| 9zjptq| ` |:zjptq| ď CpNλmax, }zt}H2, }ztt}H1, dIptq´1, dP ptq´1, C1q. (156)

4.2. Quasilinearization. Take time derivative on both sides of z¯tt ` iaz¯α “ i, let u “ z¯t.
We obtain
utt ` iauα “ ´iatz¯α “ ´ z¯tt ´ i|ztt ` i|at|zα| :“ g. (157)
To show that atz¯α is of lower order, we apply I ´ H on both sides of (157). Then we have
´ ipI ´ Hqatz¯α “ pI ´ Hqputt ` iauαq
“rB2t ` iaBα,Hsu` pB2t ` iaBαqpI ´ Hqu.
(158)
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By lemma 9,
rB2t ` iaBα,Hsu “ 2rztt,Hs
z¯tα
zα
` 2rzt,Hs z¯ttα
zα
´ 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
z¯tβdβ (159)
By lemma 4, we have
pB2t ` iaBαqpI ´ Hqu “´
i
π
Nÿ
j“1
pB2t ` iaBαq
λj
zpα, tq ´ zjptq
“ i
π
Nÿ
j“1
λj
´ 2ztt ` i´ :zj
pzpα, tq ´ zjptqq2 ´ 2
pzt ´ 9zjptqq2
pzpα, tq ´ zjptqq3
¯ (160)
By (156),
| 9zjptq| ` |:zjptq| ď CpNλmax, }zt}H2, }ztt}H1, dIptq´1, dP ptq´1, C1q. (161)
We rewrite ´ipI ´ Hqatz¯α as
´ ipI ´ Hqatz¯α “ g1 ` g2, (162)
where
g1 :“ 2rztt,Hs z¯tα
zα
` 2rzt,Hs z¯ttα
zα
´ 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
z¯tβdβ. (163)
g2 :“ i
π
Nÿ
j“1
λj
´ 2ztt ` i´ :zj
pzpα, tq ´ zjptqq2 ´ 2
pzt ´ 9zjptqq2
pzpα, tq ´ zjptqq3
¯
. (164)
Multiply both sides of (162) by i zα
|zα|
and take real parts, we obtain,
pI ` K˚qat|zα| “ Rep izα|zα| pg1 ` g2qq, (165)
where
K˚fpαq “ p.v.
ż
Re
!
´ 1
πi
zα
|zα|
|zβpβ, tq|
zpαq ´ zpβq
)
fpβqdβ. (166)
Both g1 and g2 are lower order terms.
Assuming the a priori assumptions (142) and (143), for 0 ď t ď T0, pI ` K˚q is invertible
on L2pΣq, so we have
at|zα| “ pI ` K˚q´1
!
Rep izα|zα| pg1 ` g2qq
)
. (167)
By Lemma 5, we have
}atzα}Hs ď C
∥
∥
∥
∥
izα
|zα| pg1 ` g2q
∥
∥
∥
∥
Hs
, (168)
for C depends on C1, C2, and }zα ´ 1}Hs´1.
So (157) can be written as
utt ` a|zα|nuα
zα
“ g, (169)
where
n “ izα|zα| , a|zα| “ |ztt ` i| “ |u¯t ` i|, (170)
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and
g :“ z¯tt ´ i|ztt ` i| pI ` K
˚q´1
!
Rep izα|zα| pg1 ` g2qq
)
(171)
Denote 3
A :“ a|zα|, D :“ Bα
zα
. (172)
Let k P N. Apply Bkα on both sides of (169), we have
pBkαuqtt ` AnBkαp
Bα
zα
uq “ Bkαg ´ rBkα, AnsDu. (173)
We have
rBkα, AnsDu “
kÿ
m“1
cm,kBmα pAnqBk´mα Du, (174)
where
cm,k “ k!
m!pk ´mq! .
So we obtain $’’’&’’’%
B2t Bkαu` AnBkα Bαzαu “ gk,
A “ a|zα|
n “ izα
|zα|
“ u¯t`i
|u¯t`i|
gk “ Bkαg ´
řk
m“1 cm,kBmα pAnqBk´mα Du.
(175)
4.3. Energy estimates. Decompose u “ f`p as in (23). Let s P N. With quasilinearization
(175), we define the energy Eptq as
Eptq :“
sÿ
k“0
! ż |zα|´2k`1
a|zα| |B
k
αut|2dα`Re
ż
n|zα|Dk`1fDkfdα
)
(176)
Note that f is holomorphic in Ωptq, so is Dmf , for any integer m ě 0. So we have
Re
ż
n|zα|Dk`1fDkfdα “ Re
ż
iBαDkfDkf “
ż
Ωptq
|∇Dkf |2dxdy ě 0.
So the energy E is positive.
We can bound ut by the energy E. Assume the bootstrap assumptions (142) and (143),
since a|zα| “ |ztt ` i|, we have
a|zα| ď |ztt| ` 1 ď }ztt}L8 ` 1 ď }ztt}H1 ` 1 ď 2}w0}Hs ` 1. (177)
Without loss of generality, we assume C2 ą 1. By the definition of E and the definition
of T , for t P r0, T s, we have
Eptq ě
sÿ
k“0
ż
infαPR |zα|´2k`1
supαPR a|zα|
|Bkαutpα, tq|2dα (178)
ě
sÿ
k“0
p2C2q´2k`1
2}w0}Hs ` 1
ż
|Bkαutpα, tq|2dα (179)
3This A here is not the same as that in §3 and §5.
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ě p2C2q
´2s`1
2}w0}Hs ` 1}zttp¨, tq}
2
Hs. (180)
So we have
}zttp¨, tq}Hs ď p2}w0}Hs ` 1q
1{2
p2C2q´s`1{2 Eptq
1{2. (181)
Let
Eptq :“ max
τPr0,ts
Epτq. (182)
Note that
d
dt
Re
ż
n|zα|Dk`1fDkfdα “ d
dt
Re
ż
izα
|zα| |zα|
Bα
zα
DkfDkfdα
“Re d
dt
ż
iBαDkfDkf
“Re d
dt
! ż
iBαDkuDku´
ż
iBαDkuDkp´
ż
iBαDkpDku`
ż
iBαDkpDkp
)
:“Re d
dt
pI1 ` I2 ` I3 ` I4q.
(183)
Note that
p “ ´ i
2π
Nÿ
j“1
λj
zpα, tq ´ zjptq . (184)
So we have
ppqt “ i
2π
Nÿ
j“1
λjpzt ´ 9zjptqq
pzpα, tq ´ zjptqq2 . (185)
Observe that
Dm
1
zpα, tq ´ zjptq “
p´1qmm!
pzpα, tq ´ zjptqqm`1 , (186)
Dm
1
pzpα, tq ´ zjptqq2 “
p´1qmpm` 1q!
pzpα, tq ´ zjptqqm`2 , (187)
Therefore, for k ě 2, by lemma 8 and the a priori assumptions (142) and (143), we have
}Dkp}L2XL8 ` }BαDkp}L2XL8 ` }BtDkp}L2XL8 ` }BtBαDkp}L2XL8 ď C˜, (188)
for some
C˜ “ C˜p}zβ}8, }zt}L2 , }ztt}L2, dIptq´1, dP ptq´1, Nλmax, C1, C2q.
We can take C˜ to be a polynomial with positive coefficients.
We need to estimate }Dku}L2 as well. Note that for 0 ď t ď T0 ď 1,
}ztptq}Hs ď}v0}Hs `
∥
∥
∥
∥
ż t
0
zttp¨, τqdτ
∥
∥
∥
∥
Hs
ď }v0}Hs ` t sup
τPr0,ts
}zttpt “ τq}Hs
ď}v0}Hs ` p2}w0}Hs ` 1q
1{2
p2C2q´s`1{2 Eptq
1{2
ďCp}v0}Hs , }w0}Hs, C2, Eptqq.
(189)
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Similarly, we have
}zαptq ´ 1}Hs´1 ď Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs, C2, Eptqq. (190)
Therefore, under the a priori assumption (142), using that Dk “ pBα
zα
qk, we have
}Dku}L2 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs, C2, Eptqq, (191)
for some polynomial C with positive coefficients.
From (188), integration by parts if necessary, we see that
Re
d
dt
pI2 ` I3 ` I4q ď Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs , Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2q
For I1,
Re
d
dt
ż
iBαDkuDku “ Re i
ż
BαBtDkuDku` BαDkuBtDku
“2Re
ż
iBαDkuBtDku.
We have
BαDku “ 1
zk´1α
BkαDu`
1
zk´2α
Bk´1α p
1
zα
qBαDu` Fk, (192)
where Fk consists of lower order terms. We have
}Fk}H1 ď Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs , Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2q. (193)
We have also that
∥
∥
∥
∥
1
zk´2α
Bk´1α p
1
zα
qBαDu
∥
∥
∥
∥
L2
ďCp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs , Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2q.
(194)
Similarly, we write
BtDku “ 1
zkα
BtBkαu`
1
zk´1α
Bk´1α Btp
1
zα
quα `Gk, (195)
where Gk consists of lower order terms, and
}Gk}H1 ď Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs , Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2q. (196)
Note that
Bk´1α Btz´1α “ ´
Bkαzt
z2α
`Hk, (197)
where Hk consists of lower order terms. So we can obtain
∥
∥
∥
∥
1
zk´1α
Bk´1α Btp
1
zα
quα
∥
∥
∥
∥
L2
ďCp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs , Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2q.
(198)
Therefore, from the above estimates, we have
2Re
ż
iBαDkuBtDku “2Re
ż
i
1
zk´1α
BkαDu
1
z¯kα
BtBkαu` errork
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“2Re
ż
izα
|zα|
1
|zα|2k´1B
k
αDuBtBkαu` errork
“2Re
ż
n
1
|zα|2k´1 B
k
αDuBtBkαu` errork,
where
errork “2Re
ż
iBαDkuBtDku´ 2Re
ż
n
1
|zα|2k´1 B
k
αDuBtBkαu
ďCp}Bαξ0}Hs´1 , }v0}Hs, }w0}Hs, Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2q.
(199)
Observe that
dE
dt
“
sÿ
k“0
! ż ´ |zα|´2k`1
a|zα|
¯
t
|Bkαut|2 ` 2Re
ż |zα|´2k`1
a|zα| pB
k
αuttqBkαut `
d
dt
Re
ż
n|zα|Dk`1fDkfdα
“
sÿ
k“0
! ż ´ |zα|´2k`1
a|zα|
¯
t
|Bkαut|2 ` 2Re
ż |zα|´2k`1
a|zα| pB
k
αuttqBkαut ` 2Re
ż
n
1
|zα|2k´1 B
k
αDuBtBkαu
` errork
)
“
sÿ
k“0
! ż ´ |zα|´2k`1
a|zα|
¯
t
|Bkαut|2 ` 2Re
ż |zα|´2k`1
a|zα|
!
pBkαuttq ` a|zα|nBkαDu
)
Bkαut ` errork
)
“
sÿ
k“0
! ż ´ |zα|´2k`1
a|zα|
¯
t
|Bkαut|2 ` 2Re
ż |zα|´2k`1
a|zα| gkB
k
αut ` errork
)
ď
sÿ
k“0
∥
∥
∥
∥
´ |zα|´2k`1
a|zα|
¯
t
∥
∥
∥
∥
8
}Bαut}2L2 ` 2
∥
∥
∥
∥
|zα|´2k`1
a|zα|
∥
∥
∥
∥
8
}gk}L2}Bkαut}L2 ` errork
(200)
It’s easy to obtain the estimate that
}gk}L2 ď Cp}Bαξ0}Hs´1 , }v0}Hs , }w0}Hs, Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2, α0q, (201)
and
∥
∥
∥
∥
´ |zα|´2k
a
¯
t
∥
∥
∥
∥
8
`
∥
∥
∥
∥
|zα|´2k
a
∥
∥
∥
∥
8
ďCp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs, Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2, α0q
(202)
Then we obtain
dE
dt
ď Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs, Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2, α0q (203)
For some polynomial C with positive coefficients. So we obtain
Eptq ď Ep0q
`
ż t
0
Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs, Epτq, dIpτq´1, dP pτq´1, Nλmax, C1, C2, α0qds.
(204)
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Note that Ep0q “ Ep0q. Take sup0ďτďt, we obtain
Eptq ď Ep0q
`
ż t
0
Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs, Epτq, dIpτq´1, dP pτq´1, Nλmax, C1, C2, α0qdτ.
(205)
Growth of dP ptq´1, dIptq´1. To obtain a closed energy estimate, we need also to control
the growth of dP ptq´1 and dIptq´1. Recall that dP ptq “ minj‰kt|zjptq ´ zkptq|u, so we have
dP ptq´1 “ max
1ďj‰kďN
1
|zjptq ´ zkptq| . (206)
Note thatˇˇˇ
d
dt
|zjptq ´ zkptq|´1
ˇˇˇ
“
ˇˇˇpzjptq ´ zkptqq ¨ p 9zjptq ´ 9zkptqq
|zjptq ´ zkptq|3
ˇˇˇ
ď | 9zjptq ´ 9zkptq|dpptq´2,
Use (156), and control }zt}H2 , }ztt}H1 by E , we obtain
| d
dt
dP ptq´1| ď CpNλmax, dP ptq´1, E , dIptq´1, C1, C2, α0q. (207)
To estimate d
dt
dIptq´1, we estimate ddt |zjptq ´ zpα, tq|´1. We haveˇˇˇ
d
dt
|zjptq ´ zpα, tq|´1
ˇˇˇ
“
ˇˇˇpzjptq ´ zpα, tqq ¨ p 9zjptq ´ ztq
|zjptq ´ zpα, tq|3
ˇˇˇ
ď | 9zjptq ´ zt|dIptq´2.
Since | d
dt
dIptq´1| ď max1ďjďN supα | ddt |zjptq´zpα, tq|´1|, use (156), and control }zt}H2 , }ztt}H1
by E , we obtain
| d
dt
dIptq´1| ď CpNλmax, dP ptq´1, E , dIptq´1, C1, C2, α0q. (208)
Combine (205), (207), (208), we obtain
d
dt
´
dP ptq´1 ` dIptq´1 ` Eptq
¯
ď C, (209)
where
C “ Cp}Bαξ0}Hs´1, }v0}Hs, }w0}Hs , Eptq, dIptq´1, dP ptq´1, Nλmax, C1, C2, α0q (210)
is a polynomial with positive coefficients (the coefficients are absolute constants which do
not depend on Nλmax, dP p0q´1, dIp0q´1, E , C1, C2, α0, }Bαξ0}Hs´1, }v0}Hs, }w0}Hs). So we can
use bootstrap argument to obtain closed energy estimates.
Lemma 15. Assume the assumptions of Theorem 2. There exists T0 depends on Nλmax,
dP p0q´1, dIp0q´1, ‖pBαξ0, v0, w0q‖Hs´1ˆHsˆHs, Ep0q, C1, C2, α0, s such that for all 0 ď t ď T0,$’’’’&’’’’%
Eptq ` dP ptq´1 ` dIptq´1 ď 2pEp0q ` dP p0q´1 ` dIp0q´1q,
}zttp¨, tq}Hs ď 2}w0}Hs,
C1
2
|α ´ β| ď |zpα, tq ´ zpβ, tq| ď 2C2|α ´ β|
infαPR apα, tq|zα| ě 12α0.
(211)
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Proof. Let T0 to be determined. Define
T :“ tT P r0, T0s : p142q and p143q hold for all 0 ď t ď T u (212)
By continuity, T is closed. Moreover, since 0 P T , we have T ‰ H. Let T P T . Then (209)
holds on r0, T s. So we have
dP ptq´1 ` dIptq´1 ` Eptq ďdP p0q´1 ` dIp0q´1 ` Ep0q `
ż t
0
Cdτ, (213)
where C is given by (210). Since C is a polynomial with positive coefficients, by taking T0
sufficiently small, T0 depends only on Nλmax, dP p0q´1, dIp0q´1, ‖pBαξ0, v0, w0q‖Hs´1ˆHsˆHs,
Ep0q, C1, C2, α0, s, we have
Eptq ` dP ptq´1 ` dIptq´1 ď 3
2
pEp0q ` dP p0q´1 ` dIp0q´1q. (214)
For t P r0, T s, we have Eptq ď 2Ep0q, so we have by (181),
}zttp¨, tq}Hs ď
?
2
p2}w0}Hs ` 1q1{2
p2C2q´s`1{2 Ep0q
1{2 :“M1. (215)
Use ztp¨, tq “ ztp¨, 0q `
şt
0
zttp¨, τqdτ , we have
}ztp¨, tq}Hs ď }ztp¨, 0q}Hs ` T0M1 :“M2. (216)
Use zαp¨, tq ´ 1 “ zαp¨, 0q ´ 1`
şt
0
zταp¨, τqdτ , we obtain
}zαp¨, tq ´ 1}Hs´1 ď }Bαξ0}Hs´1 ` T0M2 :“M3, (217)
and
}zαp¨, tq ´ zαp¨, 0q}8 ď
ż t
0
}ztα}8dτ ď T0M2. (218)
By choosing T0 sufficiently small, we have
sup
tPr0,T s
}zαp¨, tq}8 ď 3
2
}zαp¨, 0q}8 ď 3
2
C2, (219)
and
inf
tPr0,T s
inf
αPR
|zαpα, tq| ě 2
3
|zαpα, 0q| ě 2
3
C1. (220)
Therefore, since |zpα, tq ´ zpβ, tq| “ |zαpγ, tqpα´ βq| for some γ between α and β, we have
2
3
C1|α ´ β| ď |zpα, tq ´ zpβ, tq| ď 3
2
|α ´ β|, t P r0, T s. (221)
Multiply both sides of the equation pB2t ` iaBαqu “ ´iatz¯α by u¯t and integrate in α, then
take real parts, we have
1
2
d
dt
ż
|ut|2dα “ Re
!
´ i
ż
auαu¯tdα ´ i
ż
atz¯αu¯tdα
)
. (222)
For 0 ď t ď T , we haveˇˇˇ
´ i
ż
auαu¯tdα ´ i
ż
atz¯αu¯tdα
ˇˇˇ
ď}a|zα|}8
∥
∥
∥
∥
uα
zα
∥
∥
∥
∥
L2
}ut}L2 ` }atzα}L2}ut}L2 (223)
ďCp}w0}Hs,M1,M2,M3, C1, C2, α0q. (224)
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Similarly,
d
dt
}ut}29H1 ď Cp}w0}Hs,M1,M2,M3, C1, C2, α0q. (225)
So we have for 0 ď t ď T ,
}utp¨, tq}2H1 “ }utp¨, 0q}2H1 `
ż t
0
d
dτ
}utp¨, τq}2H1dτ ď }utp¨, 0q}2H1 ` T0C. (226)
By choosing T0 sufficiently small, we have for 0 ď t ď T ,
}utp¨, tq}2H1 ď
3
2
}utp¨, 0q}2H1. (227)
Since a|zα| “ |ztt ` i|, we have
d
dt
a|zα| “ pztt ` iq ¨ zttt|ztt ` i| “
pztt ` iq ¨ piaztα ` iatzαq
|ztt ` i| . (228)
Using (228), it’s easy to obtain
}a|zα|p¨, tq ´ a|zα|p¨, 0q}8 ď T0C. (229)
By choosing T0 sufficiently small, we have for 0 ď t ď T ,
}a|zα|p¨, tq ´ a|zα|p¨, 0q}8 ď 1
3
α0. (230)
So we have for
inf
tPr0,T s
inf
αPR
a|zα|pα, tq ě 2
3
α0. (231)
Combining (221), (227), and (231), together with continuity of these quantities, there must
exist δ ą 0 such that for 0 ď t ă T ` δ,
1
2
C1|α ´ β| ď |zpα, tq ´ zpβ, tq| ď 2|α´ β|,
}utp¨, tq}2H1 ď 2}utp¨, 0q}2H1,
inf
αPR
a|zα|pα, tq ě 1
2
α0.
(232)
So r0, T ` δq Ă T q and therefore T “ r0, T0s, provided that T0 is sufficiently small, and T0
depends only on Nλmax, dP p0q´1, dIp0q´1, ‖pBαξ, v0, w0q‖Hs´1ˆHsˆHs , Ep0q, C1, C2, α0, s.

4.4. Proof of Theorem 2. Uniqueness is obtained by a similar argument as the energy
estimate above. For local existence, one can use iteration method. We refer the readers to
S. Wu’s works [49][50] for details of this iteration scheme. Moreover, if we let T ˚0 be the
maximal lifespan, then either T ˚0 “ 8, or T ˚0 ă 8, but
lim
TÑT˚
0
´
}pzt, zttq}Cpr0,T s;HsˆHsq ` sup
tÑT˚
0
pdIptq´1 ` dP ptq´1q “ 8. (233)
or
lim
tÑT˚
0
´
inf
αPR
apα, tq|zαpα, tq| ď 0, (234)
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or
sup
α‰β
0ďtăT˚
0
ˇˇˇ
zpα, tq ´ zpβ, tq
α ´ β
ˇˇˇ
` sup
α‰β
0ďtăT˚
0
ˇˇˇ
α ´ β
zpα, tq ´ zpβ, tq
ˇˇˇ
“ 8. (235)
5. Long time behavior for small data
In this section we prove Theorem 3.
5.1. Derivation of the cubic structure. As was explained in the introduction, the main
difficulty of studying long time behavior of the system (8) is to find a cubic structure for
this system. In [51], S. Wu uses θ :“ pI ´Hqpz ´ z¯q and shows that pB2t ´ iaBαqθ is cubic for
the irrotational case. We use the same θ here. Using lemma 9,
pB2t ´ iaBαqθ “ pI ´ HqpB2t ´ iaBαqpz ´ z¯q ´ rB2t ´ iaBα,Hspz ´ z¯q
“ ´ 2pI ´ HqBtz¯t ´ 2rzt,HsBαpzt ´ z¯tq
zα
` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz ´ z¯qβdβ
“´ 2BtpI ´ Hqz¯t ´ 2rzt,HsBαzt
zα
` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz ´ z¯qβdβ.
Decompose z¯t “ f ` p as before, with p “ ´
ř2
j“1
λji
2π
1
zpα,tq´zjptq
. Since pI ´ Hqp “ 2p, we
have
´2BtpI ´ Hqz¯t “ ´2BtpI ´ Hqp “´ 4pt,
and
´2rzt,HsBαzt
zα
“´ 2rf¯ ,HsBαf¯
zα
´ 2rp¯,HsBαf¯
zα
´ 2rf¯ ,HsBαp¯
zα
´ 2rp¯,HsBαp¯
zα
Since f is holomorphic, we have rf,Hs fα
zα
“ 0, and hence rf¯ , H¯s f¯α
z¯α
“ 0, so
´ 2rf¯ ,HsBαf¯
zα
“ ´2rf¯ ,H 1
zα
` H¯ 1
z¯α
sf¯α, (236)
which is cubic. So we obtain
pB2t ´ iaBαqθ “´ 2rf¯ ,H
1
zα
` H¯ 1
z¯α
sf¯α ` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz ´ z¯qβdβ
´ 2rp¯,HsBαf¯
zα
´ 2rf¯ ,HsBαp¯
zα
´ 2rp¯,HsBαp¯
zα
´ 4pt.
(237)
Denote
gc :“ ´2rf¯ ,H 1
zα
` H¯ 1
z¯α
sf¯α ` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz ´ z¯qβdβ. (238)
gd :“ ´2rp¯,HsBαf¯
zα
´ 2rf¯ ,HsBαp¯
zα
´ 2rp¯,HsBαp¯
zα
´ 4pt. (239)
To control ztt, we consider the quantity
σ :“ pI ´ HqBtθ “ pI ´ HqBtpI ´ Hqpz ´ z¯q.
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We have
pB2t ´ iaBαqBtpI ´ Hqpz ´ z¯q “BtpB2t ´ iaBαqpI ´ Hqpz ´ z¯q ` iatppI ´ Hqpz ´ z¯qqα
“Btg ` iatppI ´ Hqpz ´ z¯qqα.
(240)
Here, g “ gc ` gd. Use lemma 9 ,
pB2t ´ iaBαqσ “ pI ´ HqpB2t ´ iaBαqBtpI ´ Hqpz ´ z¯q ´ rB2t ´ iaBα,HsBtpI ´ Hqpz ´ z¯q
“pI ´ HqpBtg ` iatppI ´ Hqpz ´ z¯qqαq ´ 2rzt,HsBαB
2
t pI ´ Hqpz ´ z¯q
zα
` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
ppI ´ Hqpz ´ z¯qqtβdβ
:“g˜1 ` g˜2 ` g˜3.
(241)
Remark 10. We have
g˜1 “pI ´ HqBtgc ` pI ´ HqBtgd ` pI ´ HqiatpI ´ Hqpz ´ z¯qα
:“g˜11 ` g˜12 ` g˜13.
(242)
Note that g˜11 and g˜3 are obvious cubic or enjoy nice time decay. As one can see later, g˜2
is cubic as well. Since atz¯α consists of quadratic nonlinearities and terms with sufficiently
fast time decay, as long as the point vortices move away from the interface at a speed which
has a positive lower bound, so pB2t ´ iaBαqpI ´HqBtpI ´Hqpz ´ z¯q consists of cubic or higher
order nonlinearities, or nonlinearities with rapid time decay, as long as the point vortices
move away from the interface rapidly.
5.2. Change of coordinates. Note that pa´ 1qθα involves quadratic nonlinearities, which
does not directly lead to cubic lifespan. To resolve the problem, we use the diffeomorphism
κ : R Ñ R such that ζ¯ ´ α is holomorphic, where ζ¯ “ z ˝ κ´1. This κ was used in [51][44]
for the irrotational case. Here we need to derive the formulae for b and A for the case with
point vortices. Let Ψ be the holomorphic function on Ωptq such that
ζ¯ ´ α “ Ψ ˝ ζ.
We denote
Dtζ “ zt ˝ κ´1, A :“ paκαq ˝ κ´1, b “ κt ˝ κ´1.
Then
κt “ b ˝ κ. (243)
Suppose we know b, then we can recover κ by solving the ODE (243).
Recall that in (23), we decompose z¯t as z¯t “ f ` p. We denote
F “ f ˝ κ´1, q “ p ˝ κ´1. (244)
Since f is the boundary value of the holomorphic function F on Ωptq, we have
Fpα, tq “ F pζpα, tq, tq, (245)
In new variables, the water wave system (8) can be written as
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$’’’’&’’’’’%
D2t ζ ´ iAζα “ ´i
d
dt
zjptq “ pv ´ λji2πpz´zjqq
ˇˇˇ
z“zj
pI ´HqpDtζ¯ `
řN
j“1
λj i
2πpζpα,tq´zj ptqq
q “ 0
pI ´Hqpζ¯ ´ αq “ 0.
(246)
Here, H is the Hilbert transform associates with ζ , i.e.
Hfpαq :“ 1
πi
p.v.
ż 8
´8
ζβpβ, tq
ζpα, tq ´ ζpβ, tqfpβqdβ. (247)
To show that (246) is a closed system, we need to derive formula for b and A in terms of
the new variable. Once we have shown that this is a closed system, and prove wellposedness
for this system, then in turn, this justifies the existence of such change of variable κ´1.
Moreover, if we let ǫ0 be sufficiently small, then in new variables, we have at t “ 0,
∥
∥|D|1{2pζpα, 0q ´ αq∥∥
Hs
` ‖Fp¨, 0q‖Hs`1{2 ` ‖DtFp¨, 0q‖Hs ď
3
2
ǫ. (248)
5.2.1. Formula for the quantities b and Dtb. Note that
Dtζ¯ “ F ˝ ζ ´ i
2π
2ÿ
j“1
λj
ζpα, tq ´ zjptq , λ1 “ ´λ2 “ λ, (249)
Also, Dtζ¯ can be written as
Dtζ¯ “Dtpζ¯ ´ αq ` b “ DtζΨζ ˝ ζ `Ψt ˝ ζ ` b. (250)
By (249) and (250), we have
F ˝ ζ ´ i
2π
2ÿ
j“1
λj
ζpα, tq ´ zjptq “ DtζΨζ ˝ ζ `Ψt ˝ ζ ` b. (251)
Apply I ´H on both sides of the above equation, use the fact that
pI ´HqΨt ˝ ζ “ 0, pI ´HqF ˝ ζ “ 0, Ψζ ˝ ζ “ ζ¯α ´ 1
ζα
,
we obtain
pI ´Hqb “´ pI ´HqDtζ ζ¯α ´ 1
ζα
´ pI ´Hq i
2π
2ÿ
j“1
λj
ζpα, tq ´ zjptq
“ ´ rDtζ,Hs ζ¯α ´ 1
ζα
´ 2 i
2π
2ÿ
j“1
λj
ζpα, tq ´ zjptq
“ ´ rDtζ,Hs ζ¯α ´ 1
ζα
´ i
π
2ÿ
j“1
λj
ζpα, tq ´ zjptq ,
(252)
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where we’ve used the fact that 1
ζpα,tq´zjptq
is boundary value of a holomorphic function in
Ωptqc, so
pI ´Hq 1
ζpα, tq ´ zjptq “
2
ζpα, tq ´ zjptq . (253)
So b is quadratic plus terms with sufficient rapid time decay, as long as zjptq moves away
from the interface rapidly.
We need a formula for Dtb as well. Use pI ´ Hqb “ ´rDtζ,Hs ζ¯α´1ζα ´ iπ
ř2
j“1
λj
ζpα,tq´zjptq
,
change of variables, we get
pI ´ Hqb ˝ κ “ ´rzt,Hs z¯α ´ 1
zα
´ i
π
2ÿ
j“1
λj
zpα, tq ´ zjptq . (254)
So we have
pI ´ HqBtb ˝ κ “rzt,HsBαb ˝ κ
zα
´ rztt,Hs z¯α ´ 1
zα
´ rzt,Hs z¯tα
zα
` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz¯βpβ, tq ´ 1qdβ ` i
π
2ÿ
j“1
λjpzt ´ 9zjptqq
pzpα, tq ´ zjptqq2 .
(255)
Changing coordinates by precomposing with κ´1, we obtain
pI ´HqDtb “rDtζ,HsBαb
ζα
´ rD2t ζ,Hs
ζ¯α ´ 1
ζα
´ rDtζ,HsBαDtζ¯
ζα
` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ¯βpβ, tq ´ 1qdβ ` i
π
2ÿ
j“1
λjpDtζ ´ 9zjptqq
pζpα, tq ´ zjptqq2 .
(256)
So Dtb is quadratic plus terms with sufficient rapid time decay, as long as zjptq moves away
from the interface rapidly.
5.3. The quantity A. Since BαF “ BαF pζpα, tq, tq “ Fζ ˝ ζζα, we have
Fζ ˝ ζ “ BαF
ζα
. (257)
Use D2t ζ¯ ` iAζ¯α “ i. We have
D2t ζ¯ “DtpDtζ¯q “ DtF ˝ ζ ´
i
2π
Dt
2ÿ
j“1
λj
ζpα, tq ´ zjptq
“DtζFζ ˝ ζ ` i
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2
“Dtζ BαF
ζα
` i
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2 .
(258)
Also,
iAζ¯α “ iA` iABαpζ¯ ´ αq “ iA` iAζαΨζ ˝ ζ “ iA` pD2t ζ ` iqΨζ ˝ ζ. (259)
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So we have
iA “ i´Dtζ BαF
ζα
´ i
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2 ´ pD
2
t ζ ` iqΨζ ˝ ζ. (260)
Apply I ´H on both sides of (260), use the fact that pI ´HqFα
ζα
“ 0, pI ´HqΨζ ˝ ζ “ 0, we
obtain
ipI ´HqA “ i´ rDtζ,HsBαF
ζα
´ rD2t ζ,Hs
ζ¯α ´ 1
ζα
´ pI ´Hq i
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2
(261)
So we obtain
pI ´HqA “1` irDtζ,HsBαF
ζα
` irD2t ζ,Hs
ζ¯α ´ 1
ζα
´ pI ´Hq 1
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2 .
(262)
So A ´ 1 is quadratic plus terms with rapid time decay, as long as the point vortices move
away from the interface with a speed that has a positive lower bound.
5.4. The quantity at
a
˝ κ´1. We need a formula for at
a
˝ κ´1 as well. Use (162) and (163),
(164), then change of variables, we obtain
pI ´Hqat
a
˝ κ´1Aζ¯α
“2irD2t ζ,Hs
BαDtζ¯
ζα
` 2irDtζ,HsBαD
2
t ζ¯
ζα
´ 1
π
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pDtζ¯qβdβ
´ 1
π
2ÿ
j“1
λj
´ 2D2t ζ ` i´ B2t zj
pζpα, tq ´ zjptqq2 ´ 2
pDtζ ´ 9zjptqq2
pζpα, tq ´ zjptqq3
¯ (263)
So at
a
˝ κ´1 is quadratic plus terms with rapid time decay, as long as the point vortices move
away from the interface with a speed that has a positive lower bound.
5.5. Cubic structure in new variables. Denote
θ˜ :“ pI ´Hqpζ ´ ζ¯q, σ˜ :“ pI ´HqDtθ˜. (264)
We sum up the calculations above, which show that pD2t ´ iABαqθ˜ and pD2t ´ iABαqσ˜ consist
of cubic terms and terms with rapid time decay, as long as the point vortices move away
from the interface rapidly. Recall that q “ p ˝ κ´1, so q is given by
q “ ´
2ÿ
j“1
λji
2π
1
ζpα, tq ´ zjptq . (265)
We have #
pD2t ´ iABαqθ˜ “ G
pD2t ´ iABαqσ˜ “ G˜
(266)
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where G “ Gc `Gd, with
Gc :“ ´2rF¯,H 1
ζα
` H¯ 1
ζ¯α
sF¯α ` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ ´ ζ¯qβdβ. (267)
Gd :“ ´2rq¯,HsBαF¯
ζα
´ 2rF¯,HsBαq¯
ζα
´ 2rq¯,HsBαq¯
ζα
´ 4Dtq, (268)
and
G˜ “pI ´HqpDtG` iat
a
˝ κ´1AppI ´Hqpζ ´ ζ¯qqαq ´ 2rDtζ,HsBαD
2
t pI ´Hqpζ ´ ζ¯q
ζα
` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
BβDtpI ´Hqpζ ´ ζ¯qdβ
(269)
5.5.1. Evolution equation for higher order derivatives. Apply Bkα on both sides of (431), we
have
pD2t ´ iABαqθk “ Gθk
pD2t ´ iABαqσk “ Gσk ,
(270)
where for 0 ď k ď s,
θk “ pI ´HqBkαθ˜, σk “ pI ´HqBkασ˜. (271)
Gθk “ pI ´HqpBkαG` rD2t ´ iABα, Bkαsθ˜q ´ rD2t ´ iABα,HsBkαθ˜, (272)
and
Gσk “ pI ´HqpBkαG˜ ` rD2t ´ iABα, Bkαsσ˜q ´ rD2t ´ iABα,HsBkασ˜. (273)
5.6. Energy functional. Define
Eθk :“
ż
1
A
|Dtθk|2 ` iθkBαθkdα. (274)
By Wu’s basic energy lemma (lemma 4.1, [51]), we have
d
dt
Eθk “
ż
2
A
ReDtθkG¯k ´
ż
1
A
at
a
˝ κ´1|Dtθk|2 (275)
Define
Eσk :“
ż
1
A
|Dtσk|2 ` iσkBασkdα. (276)
Then we have
d
dt
Eσk “
ż
2
A
ReDtσkG˜k ´
ż
1
A
at
a
˝ κ´1|Dtσk|2 (277)
Define
Es :“
sÿ
k“0
pEθk ` Eσk q. (278)
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5.7. The bootstrap assumption and some preliminary estimates. To obtain a priori
energy estimates, we make the following bootstrap assumption: Let T0 ě 0, we assume
}ζα ´ 1}Hs ď 5ǫ, }F}Hs`1{2 ď 5ǫ, }DtF}Hs ď 5ǫ, @ t P r0, T0s. (279)
Remark 11. The assumptions of Theorem 3 imply that the bootstrap assumption holds at
T0 “ 0.
As a consequence of (279), we have
Lemma 16 (Chord-arc condition). Assume the assumptions of Theorem 3 holds. Assume
also the bootstrap assumption (279), we have
p1´ 5ǫq|α ´ β| ď |ζpα, tq ´ ζpβ, tq| ď p1` 5ǫq|α ´ β|, @ t P r0, T0s. (280)
Proof.
|ζpα, tq ´ ζpβ, tq| “ |α ´ β ` pζpα, tq ´ αq ´ pζpβ, tq ´ βq|. (281)
Note that
|ζpα, tq ´ α ´ pζpβ, tq ´ βq| ď }ζα ´ 1}8|α ´ β| ď 5ǫ|α ´ β|. (282)
So the conclusion follows by Triangle inequality.

Lemma 17. Assume the assumptions of Theorem 3 hold. Assume also the bootstrap as-
sumption (279), we have for ǫ sufficiently small,
}F p¨, tq}L8pΩptqq ď 5ǫ, (283)
}Fζp¨, tq}L8pΩptqq ď 6ǫ, (284)
|ReF px` iy, tq| ď 6ǫ|x|, (285)
}Ft}L8pΩptqq ď 6ǫ, (286)
}Fζζ}L8pΩptqq ď 10ǫ, (287)
}Ftζ}L8pΩptqq ď 10ǫ. (288)
Proof. For (283), by maximum principle, we have
}F }L8pΩptqq “ }F }L8pΣptqq “ }Fptq}8 ď 5ǫ. (289)
By bootstrap assumption (279), for ǫ sufficiently small, we have
}Fζpζpα, tq, tq}8 “
∥
∥
∥
∥
BαFpα, tq
ζα
∥
∥
∥
∥
8
ď }F}Hs}ζα}8 ď
5ǫ
1´ 5ǫ ď 6ǫ. (290)
By maximum principle, we have
}Fζp¨, tq}L8pΩptqq ď }Fζpζpα, tq, tq}8 ď 6ǫ. (291)
Note that
DtFpα, tq “ DtF pζpα, tq, tq “ Ft ˝ ζ `DtζFζ ˝ ζ. (292)
So we have for ǫ sufficiently small (say, ǫ ă 1{36),
}Ftpζp¨, tq, tq}Hs ď }DtF}Hs ` }DtζFζ ˝ ζ}Hs ď 5ǫ` 6ǫp6ǫq ď 6ǫ. (293)
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By Sobolev embedding and maximum principle, we have
}Ftp¨, tq}L8pΩptqq ď }Ftpζpα, tq, tq}L8 ď }Ft ˝ ζ}H1 ď 6ǫ. (294)
Use the fact that ReF is odd, and the estimate }Fζ}H1 ď 6ǫ, we have
|ReF px` iy, tq| “ |ReF px` iy, tq ´ReF p0` iy, tq| ď }Fζ}8|x| ď 6ǫ|x|.
Note that
Fζζpζpα, tq, tq “ pBα
ζα
q2F pζpα, tq, tq “ 1
ζ2α
Fαα ´ ζαα
ζ3α
Fα. (295)
For ǫ sufficiently small, by maximum principle, we have
}Fζζp¨, tq}L8pΩptqq ď 1
infαPR ζ2α
}F}H3 ` }ζαα}8
infαPR ζ3α
}F}H1 ď 1p1´ 5ǫq2 5ǫ`
5ǫ
p1´ 5ǫq3 5ǫ ď 10ǫ.
(296)
Maximum principle implies }Ftζ}L8pΩptqq ď }Ftζ}L8pBΩptqq. Since Ftζpζpα, tq, tq “ BαFtpζpα,tq,tqζα ,
by (292), we have
‖Ftζ ˝ ζ‖L8 “
∥
∥
∥
∥
BαFtpζpα, tq, tq
ζα
∥
∥
∥
∥
L8
ď ‖BαFtpζp¨, tq, tq‖8
∥
∥
∥
∥
1
ζα
∥
∥
∥
∥
8
“ ‖DtFpα, tq ´DtζFζ ˝ ζ‖Hs
∥
∥
∥
∥
1
ζα
∥
∥
∥
∥
8
ď 10ǫ,

Assume the bootstrap assumption (279), we can obtain control of various characteristics
of the point vortices.
Convention. We use Ks to denote a constant that depends on s. We’ll use Ks „ pps`12q!q2pps`7q!q2 .
Ks can be different at different places, up to an absolute multiplicity constant. We also use
C to represent an absolute constant.
We’ll need the following lemma. Similar versions of this lemma have been appeared in
[51].
Lemma 18. Assume the bootstrap assumption (279), let f, h be real functions. Assume
pI ´Hqhζ¯α “ g or pI ´Hqh “ g.
Then we have for any t P r0, T0s,
}h}Hs ď 2}g}Hs. (297)
We’ll use the following estimate a lot.
Lemma 19. Assume the assumptions of Theorem 3 hold. Assume also the bootstrap as-
sumption (279), and assume a priori that dIptq ě 1, 12 ď xptqxp0q ď 2, @ t P r0, T0s. Then we
have @ t P r0, T0s,
}q}Hs ď K´1s ǫdIptq´3{2. (298)
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∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
1
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď K´1s ǫdIptq´5{2. (299)
Proof. We prove (298). The proof of (299) is similar . Let s be a positive integer, we have
}q}2Hs ď
sÿ
n“0
ż 8
´8
ˇˇˇ
Bnα
2ÿ
j“1
λji
2π
1
ζpα, tq ´ zjptq
ˇˇˇ2
dα
Denote fjpα, tq :“ λj i2π 1α´zjptq , g :“ ζpα, tq. Then
λji
2π
1
ζpα,tq´zjptq
“ fjpgpα, tq, tq. By chain rule
for composite functions, we have
Bnαfjpgq “
nÿ
k“1
ÿ n!
pk1q!...pknq!B
k
αfjp¨, tq ˝ g
nź
l“1
´Blαg
l!
¯kl
, (300)
where the second summation is over all non-negative integers pk1, ..., knq such that#řn
l“1 kl “ křn
l“1 lkl “ n.
(301)
So we have
Bnαq “
nÿ
k“1
ÿ n!
pk1q!...pknq!
´ 2ÿ
j“1
Bkαfjp¨, tq ˝ g
¯ nź
l“1
´Blαg
l!
¯kl
(302)
Note that
p
2ÿ
j“1
Bkαfjp¨, tqq ˝ g “
2ÿ
j“1
λji
2π
p´1qkk!
pζpα, tq ´ zjptqqk`1 (303)
“λip´1q
kk!
2π
kÿ
m“0
z1 ´ z2
pζpα, tq ´ z1ptqqk`1´mpζpα, tq ´ z2ptqqm`1 (304)
use z1 ´ z2 “ 2xptq, similar to the proof of lemma 8, we have
∥
∥
∥
∥
∥
2ÿ
j“1
Bkαfjp¨, tq ˝ g
∥
∥
∥
∥
∥
L2
ď 100pk ` 1q!|λxptq|dIptq´3{2. (305)
Therefore,
}Bnαq}L2 “
∥
∥
∥
∥
∥
nÿ
k“1
ÿ n!
pk1q!...pknq!
´ 2ÿ
j“1
Bkαfjp¨, tq ˝ g
¯ nź
l“1
´Blαg
l!
¯kl∥∥∥
∥
∥
L2
ď
nÿ
k“1
ÿ n!
pk1q!...pknq!
nź
l“1
}Blαg}kl8
pl!qkl
∥
∥
∥
∥
∥
2ÿ
j“1
Bkαfjp¨, tq ˝ g
∥
∥
∥
∥
∥
L2
For l “ 1, we bound Blαg by 1` 5ǫ. For l ě 2, we bound }Blαg}8 by 5ǫ. We choose ǫ small so
that p1` 5ǫqs ď 2. We bound pk ` 1q! by pn` 1q!. Use the assumption xptq ď 2xp0q. Use
nź
l“1
}Blαg}kl8 ď
nź
j“1
p1` 5ǫqkl ď p1` 5ǫqs, (306)
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we obtain
}Bnαq}L2 ď
nÿ
k“1
ÿ n!
pk1q!...pknq!
nź
l“1
p1` 5ǫqkl
pl!qkl ˆ p100pk ` 1q!|λxptq|dIptq
´3{2q (307)
ď400Spnq|λ|xp0qpn` 1q!dIptq´3{2, (308)
where
Spnq “
nÿ
k“1
ÿ n!
pk1q!...pknq!
nź
l“1
1
pl!qkl (309)
is called the bell number. We can bound Spnq by
Spnq ď n!. (310)
So we have
}Bnαq}L2 ď 400|λxp0q|n!pn` 1q!dIptq´3{2. (311)
Therefore,
}q}Hs ď
´ sÿ
n“0
}Bnαq}2L2
¯1{2
(312)
ď
´ sÿ
n“0
p400|λxp0q|n!pn` 1q!dIptq´3{2q2
¯1{2
(313)
ď400pps` 2q!q2|λxp0q|dIptq´3{2 (314)
ďK´1s ǫdIptq´3{2. (315)

Corollary 7. Assume the assumptions of Theorem 3 hold and assume the bootstrap as-
sumption (279), and assume a priori that dIptq ě 1, 12 ď xptqxp0q ď 2, @ t P r0, T0s. Then we
have
sup
tPr0,T s
}Dtζ}Hs ď 6ǫ, @ t P r0, T0s. (316)
Corollary 8. Assume the assumptions of Theorem 3 hold and assume the bootstrap as-
sumption (279), and assume a priori that dIptq ě 1, 12 ď xptqxp0q ď 2, @ t P r0, T0s. Then we
have
}b}Hs ď Cǫ2 `K´1s ǫdIptq´3{2, @ t P r0, T0s. (317)
for some absolute constant C ą 0.
Proof.
pI ´Hqb “ ´rDtζ,Hs ζ¯α ´ 1
ζα
´ i
π
2ÿ
j“1
λj
ζpα, tq ´ zjptq .
By lemma 7 and lemma 19, we have
‖pI ´Hqb‖Hs ď
∥
∥
∥
∥
rDtζ,Hs ζ¯α ´ 1
ζα
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
∥
i
π
2ÿ
j“1
λj
ζpα, tq ´ zjptq
∥
∥
∥
∥
∥
Hs
ďCǫ2 `K´1s ǫdIptq´3{2.
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So we have
}b}Hs ď Cǫ2 `K´1s ǫdIptq´3{2. (318)

Remark 12. Again, the a priori assumption dIptq ě 1, 12 ď xptqxp0q ď 2, @ t P r0, T0s will be
justified by a bootstrap argument.
We need to estimate 9zj and :zj in a more precise way rather than using the rough estimates
in lemma 14. Let’s first derive the estimate for 9zj , then we use this estimate to control xptq
over time. We use the control of xptq to estimate :zj .
Lemma 20. Assume the assumptions of Theorem 3 and the bootstrap assumption (279),
and assume a priori that dIptq ě 1, 12 ď xptqxp0q ď 2, @ t P r0, T0s. Then we have
sup
tPr0,T0s
| 9z1ptq ´ 9z2ptq| ď 10ǫ. (319)
sup
tPr0,T0s
| 9zjptq ´ λi
4πxptq | ď 5ǫ. (320)
sup
tPr0,T0s
| 9z21 ´ 9z22 | ď 6|λ|ǫ` 120ǫ2xptq. (321)
Proof. Note that
9z1 “ λ2i
2πpz1 ´ z2q ` F¯ pz1, tq “
λi
4πxptq ` F¯ pz1, tq. (322)
Similarly,
9z2 “ λi
4πxptq ` F¯ pz2, tq.
By lemma 17, we have
| 9z1ptq ´ 9z2ptq| “ |F pz1, tq ´ F pz2, tq| ď 2}F }L8pBΩptqq ď 10ǫ,
and
| 9zjptq ´ λi
4πxptq | “ |F¯ pz1ptq, tq| ď 5ǫ. (323)
We have
9z2j “ p
λi
4πxptqq
2 ` 2 λi
4πxptq F¯ pzjptq, tq ` pF¯ pzjptq, tqq
2,
By mean value theorem, bootstrap assumption (279), lemma 17, we have
|F pz1ptq, tq2 ´ F pz2ptq, tq2| “|pF pz1ptq, tq ` F pz2ptq, tqqFζpx˜` iyptq, tqpz1ptq ´ z2ptqq|
ď120ǫ2xptq. (324)
Here, x˜ P p0, xptqq.
By (285) of lemma 17, we have
| 9z21 ´ 9z22 | “|
2λi
4πxptqpF pz1ptq, tq ´ F pz2ptq, tqq ` F pz1ptq, tq
2 ´ F pz2ptq, tq2|
“| λi
πxptqReF pz1ptq, tq ` F pz1ptq, tq
2 ´ F pz2ptq, tq2|
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ď |λ|
πxptq}Fζ}8xptq ` |F pz1ptq, tq
2 ´ F pz2ptq, tq2|
ď6|λ|ǫ` 120ǫ2xptq.

Another consequence of the bootstrap assumption (279) is the following description of the
motion of the point vortices, which is the key control of this paper.
Proposition 4 (key control). Assume the assumptions of Theorem 3 and assume the boot-
strap assumption (279), we have
1
2
ď xptq
xp0q ď 2, 0 ď t ď T0. (325)
Proof. It suffices to prove the case that xptq is increasing on 0 ď t ď T0. The case that xptq
is decreasing follows in a similar way, and other cases are controlled by these two cases.
Denote
T :“
!
T P r0, T0s| 9yptq ď ´ |λ|
20πxp0q ,
1
2
ď xptq
xp0q ď 2,
pdIptq ě 1` |λ|
20πxp0qt, @ t P r0, T s
)
.
(326)
Let’s assume F “ F1 ` iF2, where F1, F2 are real (we remind the readers that F is the
holomorphic extension of f . Recall also the notations that z1ptq “ ´xptq ` iyptq, z2ptq “
xptq ` iyptq, xptq ą 0, yptq ă 0). From the proof of lemma 20, we have$&% 9z1ptq “ F¯ pz1ptq, tq `
λ2i
2π
1
z1ptq´z2ptq
“ F¯ pz1ptqq ´ |λ|i4πxptq
9z2ptq “ F¯ pz2ptq, tq ` λ1i2π 1z2ptq´z1ptq “ F¯ pz2ptqq ´
|λ|i
4πxptq
.
(327)
So we have
9yptq “ ´F2pz2ptq, tq ´ |λ|
4πxptq . (328)
By maximum principle and the bootstrap assumption (279), we have
|F2pz2ptq, tq| ď |F pz2ptq, tq| ď }F p¨, tq}L8pΩptqq “ }Fp¨, tq}L8pRq ď 5ǫ. (329)
For M relatively large (we take M “ 200π), at t “ 0, we have |λ|
4πxp0q
ě 200πǫ
4π
“ 50ǫ. So we
have
9yp0q “ ´F2pz2p0q, 0q ´ |λ|
4πxp0q ď ´
9|λ|
40πxp0q . (330)
So 0 P T and therefore T ‰ H. Clearly, by the definition of T , since 9yptq, xptq and pdIptq are
continuous, so T is closed in r0, T0s. To prove T “ r0, T0s, it suffices to prove that if (326)
holds on r0, T s with T ă T0, then there exists δ ą 0 such that (326) holds on rT, T ` δq.
Let T P T .
By (327), we have 9xptq “ ReF pz2ptq, tq. Use (285) of lemma 17, use the fact that ReF is
odd, by mean value theorem, we have
9xptq “ ReF pz2ptq, tq ´ReF p0` iyptq, tq “ Re Fxpx˜` iyptq, tqxptq, (331)
for some x˜ P p0, xptqq.
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Since
F pz, tq “ 1
2πi
ż
ζβ
z ´ ζpβ, tqFpβ, tqdβ. (332)
So we have @ t P r0, T0s,
BxF pz, tq “ ´ 1
2πi
ż
ζβ
pz ´ ζpβ, tqq2Fpβ, tqdβ. (333)
By Cauchy-Schwartz inequality and lemma 8, we have
|BxF px˜` iyptq, tq| ď 1
2π
´ ż 1
|x˜` iyptq ´ ζpβ, tq|4dβ
¯1{2
}ζβ}L8}F}L2
ďCǫpdIptq´3{2, @ t P r0, T0s, (334)
for some absolute constant C ą 0. By direct calculation, we can see that C ď 2. So we
obtain
9xptq ď 2ǫpdIptq´3{2xptq. (335)
So we have
d
dt
ln
xptq
xp0q ď 2
pdIptq´3{2ǫ ď 2p1` |λ|
20πxp0qtq
´3{2ǫ, @ t P r0, T s. (336)
Then we have for all t P r0, T s,
xptq ďxp0qexp
!
2ǫ
ż t
0
p1` |λ|
20πxp0qτq
´3{2dτ
)
ďxp0qexp
!
4ǫ
20πxp0q
|λ|
)
ďxp0qe2ǫ 40π200πǫ “ e 25xp0q ď 3
2
xp0q.
(337)
By the continuity of xptq, there exists δ ą 0 such that
sup
tPr0,T`δq
xptq
xp0q ď 2. (338)
Next we show that by choosing δ ą 0 smaller if necessary, we have
9yptq ď ´ |λ|
20πxp0q ,
pdIptq ě 1` |λ|
20πxp0qt, @ t P r0, T ` δq. (339)
Proof of (339): By the definition of T , the bootstrap assumption (279), and the fact that
|λ|
xp0q
ě 200πǫ, we have
9yptq ď 5ǫ´ |λ|
8πxp0q ď ´
|λ|
10πxp0q , @ t P r0, T s. (340)
By Fundamental theorem of calculus, we have
yptq “ yp0q `
ż t
0
9ypτqdτ. (341)
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We have
ζpα, tq ´ zjptq “ζpα, 0q ´ zjp0q `
ż t
0
Bτ pζpα, τq ´ zjpτqqdτ
“ζpα, 0q ´ zjp0q `
ż t
0
Dτζpα, τqdτ ´
ż t
0
bpα, τqBαζpα, τqdτ ´
ż t
0
9zjpτqdτ
(342)
So we have
Imtζpα, tq ´ zjptqu “Im
!
ζpα, 0q ´ zjp0q ´
ż t
0
9zjpτqdτ
)
` Im
ż t
0
Dτζpα, τqdτ
´
ż t
0
bpα, τqImtBαζpα, τqudτ.
(343)
By Sobolev embedding lemma 2 and the bootstrap assumption, we haveˇˇˇ ż t
0
Dτζpα, τqdτ
ˇˇˇ
ď 6ǫt, @ t P r0, T s. (344)
By Corollary 8 and Sobolev embedding, we haveˇˇˇ ż t
0
bpα, τqBαζpα, τqdτ
ˇˇˇ
ď pCǫ2 `K´1s ǫdIptq´3{2qp1` 5ǫqt ď pCǫ2 `K´1s ǫqt. (345)
Note that Imtζpα, 0q ´ zjp0qu ě pdIp0q ě 1, ´Imt 9zjpτqu ě |λ|10πxp0q ą 0, so we have for all
t P r0, T s,
Imtζpα, tq ´ zjptqu ě inf
αPR
Imtζpα, 0q ´ zjp0qu ` p |λ|
10πxp0q ´ 6ǫ´ pCǫ
2 `K´1s ǫqqt
ě1` |λ|
18πxp0qt.
(346)
So we have
pdIptq “ min
j“1,2
inf
αPR
Imtζpα, tq ´ zjptqu ě 1` |λ|
18πxp0qt, @ t P r0, T s. (347)
By (340), (347), the continuity of pdIptq, and the continuity of y1ptq, choosing δ ą 0 smaller
if necessary, we have (339).
Since T is both closed and open as a subspace of r0, T0s, so we must have
T “ r0, T0s, (348)
which concludes the proof of the lemma. 
Because
dIptq “ min
j“1,2
inf
αPR
|ζpα, tq ´ zjptq| ě pdIptq,
we have the following estimate.
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Corollary 9 (Decay estimate). Assume the assumptions of Theorem 3 and assume the
bootstrap assumption (279), we have @ t P r0, T0s,
dIptq´1 ď p1` |λ|
20πxp0qtq
´1. (349)
We need to estimate :zj and :z1 ´ :z2 as well.
Convention: From now on, if the domain of t is not specified, we assume t P r0, T0s by
default.
Lemma 21. Assume the assumptions of Theorem 3 and assume the bootstrap assumption
(279), we have @ t P r0, T0s,
|:zjptq| ď 10ǫ` 6|λ|
xptqǫ. (350)
|:z1ptq ´ :z2ptq| ď 220ǫ2xptq ` ǫp20xptq ` 5|λ|
π
q (351)
Proof. Take time derivative of (322), we have
:zjptq “ ´ λix
1ptq
4πxptq2 ` F¯ζpzjptq, tq 9zjptq ` F¯tpzj , tq. (352)
We have x1ptq “ ReF pz2ptq, tq. By lemma 17, we have
|Fζpzjptq, tq| ď }Fζp¨, tq}L8pΩptqq ď }Fζpζpα, tq, tq}8 ď 6ǫ. (353)
By Sobolev embedding and lemma 17, we have
}Ftp¨, tq}L8pΩptqq ď }Ftpζpα, tq, tq}L8 ď }Ft ˝ ζ}H1 ď 6ǫ. (354)
Apply lemma 17 again, we have
|ReF pzjptq, tq| ď 6ǫxptq.
So we obtain
|:zjptq| ď|λ||ReF pzj, tq|
4πxptq2 ` |Fζpzj , tq|| 9zjptq| ` |Ftpzj , tq|
ď 6|λ|ǫ
4πxptq ` 6ǫp
|λ|
4πxptq ` 6ǫq ` 6ǫ
ď 6|λ|ǫ
πxptq ` 10ǫ.
Here, we assume ǫ2 sufficiently small such that 36ǫ2 ď 4ǫ. We have
|:z1ptq ´ :z2ptq|
“|F¯ζpz1ptq, tq 9z1ptq ` F¯tpz1ptq, tq ´ F¯ζpz2ptq, tq 9z2ptq ´ F¯tpz2ptq, tq|
ď|Fζpz1ptq, tq ´ Fζpz2ptq, tq|| 9z1ptq| ` |Fζpz2ptq, tq|| 9z1 ´ 9z2| ` |Ftpz1, tq ´ Ftpz2, tq|
ď}Fζζ}8|z1 ´ z2|| 9z1ptq| ` |Fζpz2ptq, tq||F pz1ptq, tq ´ F pz2ptq, tq| ` }pReF qtζ}L8pΩptqq|z1 ´ z2|.
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By lemma 17,
}Fζζ}8 ď 10ǫ, (355)
and
}Ftζ}L8pΩptq ď 10ǫ. (356)
Since ReFt is odd in x and ImFt is even in x, by mean value theorem, we have
|Ftpz1, tq ´ Ftpz2, tq| “2|ReFtpz2, tq ´ReFtp0, y, tq|x “ 2|ReFtxpx˜, y, tq|xptq (357)
ď2}Ftζ}L8pΩptqqxptq ď 20ǫxptq. (358)
for some x˜ P p0, xptqq.
So we obtain
|:z1ptq ´ :z2ptq|
ď10ǫp2xptqqp |λ|
4πxptq ` 5ǫq ` p6ǫq20ǫxptq ` p10ǫq2xptq
“220ǫ2xptq ` ǫp20xptq ` 5|λ|
π
q.
(359)

Next, we estimate the quantity
∥
∥
∥
ř2
j“1
λji
2π
9zj
pζpα,tq´zj ptqq2
∥
∥
∥
Hs
, the quantity
∥
∥
∥
ř2
j“1
λji
2π
:zj
pζpα,tq´zj ptqq2
∥
∥
∥
Hs
,
and the quantity
∥
∥
∥
ř2
j“1
λj i
2π
p 9zjq2
pζpα,tq´zjptqq2
∥
∥
∥
Hs
. These quantities arise from the energy estimates.
Lemma 22. Assume the assumptions of Theorem 3 and assume the bootstrap assumption
(279). Then we have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
9zj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď K´1s ǫ
|λ|
xp0qdIptq
´5{2 ` Cǫ2. (360)
Proof. Replace 9zj by
9zjptq “ λi
4πxptq ` F¯ pzjptq, tq.
We have
2ÿ
j“1
λji
2π
9zj
pζpα, tq ´ zjptqq2 “
2ÿ
j“1
λji
2π
λi
4πxptq
pζpα, tq ´ zjptqq2 ` F¯ pz1ptq, tq
2ÿ
j“1
λji
2π
1
pζpα, tq ´ zjptqq2
` λipF¯ pz1ptq, tq ´ F¯ pz2ptq, tqq
2π
1
pζpα, tq ´ z2ptqq2
By lemma 19 (and use the proof of lemma 19 to estimate the term
∥
∥
∥
1
pζpα,tq´z2ptqq2
∥
∥
∥
Hs
), we
have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
9zj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď |λ|
4πxptq
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
1
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
1
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
}F }L8pΩptqq
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`
∥
∥
∥
∥
λipF¯ pz1ptq, tq ´ F¯ pz2ptq, tqq
2π
1
pζpα, tq ´ z2ptqq2
∥
∥
∥
∥
Hs
ď |λ|
4πxptqK
´1
s ǫdIptq´5{2 `K´1s ǫdIptq´5{2p5ǫq `
ˇˇˇ
F pz1ptq, tq ´ F pz2ptq, tq
xptq
ˇˇˇ ∥∥
∥
∥
λxptq
pζpα, tq ´ z2ptqq2
∥
∥
∥
∥
Hs
ďK´1s ǫ
|λ|
xp0qdIptq
´5{2 `K´1s ǫ2dIptq´5{2 `K´1s ǫ2dIptq´3{2.
Here, we use lemma 17 to estimateˇˇˇ
F pz1ptq, tq ´ F pz2ptq, tq
xptq
ˇˇˇ
ď 12ǫ, (361)
and we use the proof of lemma 19 to estimate
∥
∥
∥
∥
λxptq
pζpα, tq ´ z2ptqq2
∥
∥
∥
∥
Hs
ď K´1s ǫdIptq´3{2. (362)
Since dIptq ě 1, we simply estimate
∥
∥
∥
ř2
j“1
λji
2π
9zj
pζpα,tq´zj ptqq2
∥
∥
∥
Hs
by (360). 
Lemma 23. Assume the assumptions of Theorem 3 and assume the bootstrap assumption
(279). Then we have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
p 9zjq2
pζpα, tq ´ zjptqq3
∥
∥
∥
∥
∥
Hs
ď K´1s ǫ2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2. (363)
Proof.
2ÿ
j“1
λji
2π
p 9zjq2
pζpα, tq ´ zjptqq3 “
λip 9z1q2
2π
p 1pζpα, tq ´ z1ptqq3 ´
1
pζpα, tq ´ z2ptqq3 q
` λipp 9z1q
2 ´ p 9z2q2q
2π
1
pζpα, tq ´ z2ptqq3 :“ I ` II .
We have
|I| “
ˇˇˇ
λip 9z1q2
2π
2xptq
! 1
pζpα, tq ´ z1ptqq3pζpα, tq ´ z2ptqq `
1
pζpα, tq ´ z1ptqq2pζpα, tq ´ z2ptq2q
` 1pζpα, tq ´ z1ptqqpζpα, tq ´ z2ptqq3
)ˇˇˇ
,
and
9z21 “ ´
λ2
16π2xptq2 `
λi
2πxptq F¯ pz1ptq, tq ` pF¯ pz1ptq, tqq
2.
Use the proof of lemma 19, it’s easy to see that
∥
∥
∥
∥
1
pζpα, tq ´ z1ptqq3pζpα, tq ´ z2ptqq
∥
∥
∥
∥
Hs
ď pps` 6q!q2dIptq´7{2 (364)
∥
∥
∥
∥
1
pζpα, tq ´ z1ptqq2pζpα, tq ´ z2ptq2q
∥
∥
∥
∥
Hs
ď pps` 6q!q2dIptq´7{2 (365)
∥
∥
∥
∥
1
pζpα, tq ´ z1ptqqpζpα, tq ´ z2ptq3q
∥
∥
∥
∥
Hs
ď pps` 6q!q2dIptq´7{2 (366)
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Use the assumption that λ2 ` |λxp0q| ď 1
pps`12q!q2
ǫ and the fact that 1
2
xp0q ď xptq ď 2xp0q,
we have
}I}Hs ď|λ|xptq
π
p λ
2
16π2xptq2 `
|λ|
2πxptq ˆ 5ǫ` 25ǫ
2qpps` 6q!q2dIptq´7{2
ďK´1s ǫ2dIptq´7{2 `K´1s ǫ
|λ|
xp0qdIptq
´7{2.
By lemma 20, we have
}II }H s ď|λ|| 9z
2
1 ´ 9z22 |
2π
∥
∥
∥
∥
1
pζpα, tq ´ z2ptqq3
∥
∥
∥
∥
Hs
ď|λ|p6|λ|ǫ` 120ǫ
2xptqq
2π
pps` 6q!q2dIptq´5{2
ďK´1s ǫ2dIptq´5{2.
Here, we use the assumption
λ2 ` |λxp0q| ď c0ǫ, c0 “ 1pps` 12q!q2 . (367)
So we we have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
p 9zjq2
pζpα, tq ´ zjptqq3
∥
∥
∥
∥
∥
Hs
ď K´1s ǫ2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2.

Lemma 24. Assume the assumptions of Theorem 3 and assume the bootstrap assumption
(279). Then we have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
:zj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď K´1s ǫ2dIptq´5{2. (368)
Proof. We have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
:zj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď
∥
∥
∥
∥
∥
2ÿ
j“1
λji:z1ptq
2π
1
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
λip:z1ptq ´ :z2ptqq
2π
1
pζpα, tq ´ z2ptqq2
∥
∥
∥
∥
Hs
:“ I ` II .
By the proof of lemma 19 and by lemma 21, we have
I ď|:z1ptq|}
2ÿ
j“1
λji
2π
1
pζpα, tq ´ zjptqq2 }H
s
ďp10ǫ` 6|λ|
xptqǫq|λxp0q|pps ` 6q!q
2dIptq´5{2
ďK´1s ǫ2dIptq´5{2.
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By lemma 19 and lemma 21, we have
II ď|:z1ptq ´ :z2ptq|
∥
∥
∥
∥
λi
2π
1
pζpα, tq ´ z2ptqq2
∥
∥
∥
∥
Hs
ď
´
220ǫ2xptq ` ǫp20xptq ` 5|λ|
π
q
¯
|λ|pps` 6q!q2dIptq´5{2
ďK´1s ǫ2dIptq´5{2.
Here, we’ve used the fact that λ2 ` |λxp0q| ď 1
pps`12q!q2
ǫ. So we obtain
∥
∥
∥
∥
∥
2ÿ
j“1
λji
2π
:zj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď K´1s ǫ2dIptq´5{2. (369)

5.8. Estimates for quantities involved in the energy estimates. In this subsection,
we derive estimates for various quantities that show up in energy estimates.
5.8.1. Control }Bαθ˜}Hs by }ζα ´ 1}Hs.
Lemma 25. Assume the assumptions of Theorem 3 and assume the assumption (279), for
1 ď k ď s` 1, we have
}Bkαθ˜ ´ 2Bk´1α pζα ´ 1q}L2 ď Cǫ2. (370)
Proof. Since pI ´Hqpζ¯ ´ αq “ 0, we have pI ` H¯qpζ ´ αq “ 2pζ ´ αq. Therefore,
Bkαθ˜ “BkαpI ´Hqpζ ´ ζ¯q “ BkαpI ´Hqpζ ´ αq
“BkαpI ` H¯ ´ pH¯ `Hqqpζ ´ αq
“2Bk´1α pζα ´ 1q ´ BkαpH¯ `Hqqpζ ´ αq.
It’s easy to obtain that for 1 ď k ď s` 1,
∥
∥BkαpH¯ `Hqpζ ´ αq
∥
∥
L2
ď C ‖ζα ´ 1‖2Hs ď Cǫ2. (371)
So we have
∥
∥
∥Bkαθ˜ ´ 2Bk´1α pζα ´ 1q
∥
∥
∥
L2
ď Cǫ2. (372)
So we obtain (370). 
Corollary 10. Assume the assumptions of Theorem 3 and the bootstrap assumption (279),
we have
∥
∥
∥Bαθ˜
∥
∥
∥
Hs
ď 11ǫ. (373)
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5.8.2. Compare
∥
∥
∥Dtθ˜
∥
∥
∥
Hs
with ‖Dtζ‖Hs and ‖Dtσ˜‖Hs with ‖D
2
t ζ‖Hs. We need to show that
Dtθ˜ and Dtζ are equivalent in certain sense. We have the following:
Lemma 26. Assume the assumptions of Theorem 3 and a priori assumption (279), we have
∥
∥
∥Dtθ˜ ´ 2pF¯´ qq
∥
∥
∥
Hs`1{2
ď Cǫ2. (374)
∥
∥Dtσ˜ ´ 4pDtF¯´Dtqq
∥
∥
Hs
ď Cǫ2. (375)
Proof. Recall that Dtζ “ F¯` q¯, where pI ´HqF “ 0, pI `Hqq “ 0. So we have
pI ` H¯qqF¯ “ 2F¯, pI ` H¯qq¯ “ 0.
We have
Dtθ˜ “DtpI ´Hqpζ ´ ζ¯q “ pI ´HqpDtζ ´Dtζ¯q ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
“pI ´HqpF¯` q¯ ´ F´ qq ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
“pI ` H¯qF¯` pI ` H¯qq¯ ´ pH ` H¯qDtζ ´ 2q ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
“2F¯´ 2q ´ pH ` H¯qDtζ ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
.
(376)
It’s easy to obtain that under a priori assumption (279),
∥
∥
∥
∥
´pH ` H¯qDtζ ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
∥
∥
∥
∥
Hs`1{2
ď Cǫ ‖Dtζ‖Hs`1{2 ď Cǫ2, (377)
for some absolute constant C ą 0.
By triangle inequality,
∥
∥
∥Dtθ˜ ´ 2pF¯´ qq
∥
∥
∥
Hs`1{2
ď
∥
∥
∥
∥
´pH ` H¯qDtζ ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
∥
∥
∥
∥
Hs`1{2
ďCǫ2.
(378)
So we obtain (374).
By (376), use
pI ´HqF¯ “ 2F¯´ pH¯ `HqF¯, pI ´Hqq “ 2q, (379)
we have
Dtσ˜ “DtpI ´HqDtθ˜ “ DtpI ´Hq
!
2F¯´ 2q ´ pH ` H¯qDtζ ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
)
“4DtF¯´ 4Dtq `DtpI ´Hq
!
´ pH ` H¯qDtζ ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
)
´DtpH¯ `HqF¯.
(380)
Therefore,
∥
∥Dtσ˜ ´ 4pDtF¯´Dtqq
∥
∥
Hs
(381)
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“
∥
∥
∥
∥
DtpI ´Hq
!
´ pH ` H¯qDtζ ´ rDtζ,HsBαpζ ´ ζ¯q
ζα
)
´DtpH¯ `HqF¯
∥
∥
∥
∥
Hs
(382)
ďCǫ2. (383)

Corollary 11. Assume the bootstrap assumption (279), we have
∥
∥
∥Dtθ˜
∥
∥
∥
Hs`1{2
ď 11ǫ, ‖Dtσ˜‖Hs ď 21ǫ. (384)
5.8.3. Estimate the quantity at
a
˝ κ´1. Recall that
pI ´Hqat
a
˝ κ´1Aζ¯α
“2irD2t ζ,Hs
BαDtζ¯
ζα
` 2irDtζ,HsBαD
2
t ζ¯
ζα
´ 1
π
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pDtζ¯qβdβ
´ 1
π
2ÿ
j“1
λj
´ 2D2t ζ ` i´ B2t zj
pζpα, tq ´ zjptqq2 ´ 2
pDtζ ´ 9zjptqq2
pζpα, tq ´ zjptqq3
¯ (385)
By lemma 7, the a priori assumption (279), we have
∥
∥
∥
∥
2irD2t ζ,Hs
BαDtζ¯
ζα
∥
∥
∥
∥
Hs
ď C}D2t ζ}Hs}Dtζ}Hs ď Cǫ2. (386)
∥
∥
∥
∥
2irDtζ,HsBαD
2
t ζ¯
ζα
∥
∥
∥
∥
Hs
ď C}Dtζ}Hs}D2t ζ}Hs ď Cǫ2. (387)
∥
∥
∥
∥
1
π
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pDtζ¯qβdβ
∥
∥
∥
∥
Hs
ď }Dtζ}3Hs ď Cp5ǫq3 ď Cǫ2. (388)
∥
∥
∥
∥
∥
1
π
2ÿ
j“1
2λjD
2
t ζ
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď }D2t ζ}Hs
∥
∥
∥
∥
∥
2
π
2ÿ
j“1
λj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
(389)
By lemma 19, we have
∥
∥
∥
∥
∥
2
π
2ÿ
j“1
λj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď K´1s ǫdIptq´5{2 (390)
So we have
∥
∥
∥
∥
∥
1
π
2ÿ
j“1
2λjD
2
t ζ
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď }D2t ζ}Hs
∥
∥
∥
∥
∥
1
π
2ÿ
j“1
2λj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ď K´1s ǫ2. (391)
By lemma 22, we have
∥
∥
∥
∥
∥
2ÿ
j“1
λji
π
2Dtζ 9zj
pζpα, tq ´ zjptqq3
∥
∥
∥
∥
∥
Hs
ď2}Dtζ}Hs
∥
∥
∥
∥
∥
2ÿ
j“1
λji
π
9zj
pζpα, tq ´ zjptqq3
∥
∥
∥
∥
∥
Hs
ď12ǫK´1s ǫdIptq´5{2 ď K´1s ǫ2dIptq´5{2.
(392)
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By lemma 23 and lemma 24, we have
∥
∥
∥
∥
∥
1
π
2ÿ
j“1
λj:zjptq
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
∥
1
π
2ÿ
j“1
λj2p 9zjptqq2
pζpα, tq ´ zjptqq3
∥
∥
∥
∥
∥
Hs
ďK´1s ǫ
|λ|
xp0qdIptq
´5{2 `K´1s ǫ2dIptq´5{2.
(393)
So we obtain
∥
∥
∥pI ´Hqat
a
˝ κ´1Aζ¯α
∥
∥
∥
Hs
ď Cǫ2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2. (394)
By lemma 18 and Sobolev embedding, we have
∥
∥
∥
at
a
˝ κ´1
∥
∥
∥
8
ď Cǫ2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2. (395)
5.8.4. Estimate the quantity A. Recall that
pI ´HqA “1` irDtζ,HsBαF
ζα
` irD2t ζ,Hs
ζ¯α ´ 1
ζα
´ pI ´Hq 1
2π
2ÿ
j“1
λjpDtζpα, tq ´ 9zjptqq
pζpα, tq ´ zjptqq2 .
(396)
By lemma 7, lemma 19, lemma 22, we have
}pI ´HqpA´ 1q}Hs ď}Dtζ}Hs}F}Hs ` }D2t ζ}Hs}ζα ´ 1}Hs `
1
π
}Dtζ}Hs
∥
∥
∥
∥
∥
2ÿ
j“1
λj
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
∥
1
π
2ÿ
j“1
λj 9zjptq
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ďCǫ2 `K´1s ǫdIptq´5{2.
So we have
}A´ 1}Hs ď Cǫ2 `K´1s ǫdIptq´5{2. (397)
Corollary 12. Assume the assumptions of Theorem 3 and assume the bootstrap assumption
279. For ǫ sufficiently small, we have
inf
αPR
Apα, tq ě 9
10
, @t P r0, T0s. (398)
sup
αPR
Apα, tq ď 10
9
, @t P r0, T0s. (399)
5.8.5. Estimate the quantity Dtb. Recall that
pI ´HqDtb “rDtζ,HsBαb
ζα
´ rD2t ζ,Hs
ζ¯α ´ 1
ζα
´ rDtζ,HsBαDtζ¯
ζα
` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ¯βpβ, tq ´ 1qdβ ` i
π
2ÿ
j“1
λjpDtζ ´ 9zjptqq
pζpα, tq ´ zjptqq2 .
(400)
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By lemma 7, lemma 19, lemma 22, estimate (318), we have
}pI ´HqDtb}Hs
ď
∥
∥
∥
∥
rDtζ,HsBαb
ζα
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
rD2t ζ,Hs
ζ¯α ´ 1
ζα
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
rDtζ,HsBαDtζ¯
ζα
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ¯βpβ, tq ´ 1qdβ
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
∥
i
π
2ÿ
j“1
λjpDtζ ´ 9zjptqq
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ďC}Dtζ}Hs}b}Hs ` C}D2t ζ}Hs}ζα ´ 1}Hs ` C}Dtζ}2Hs
` }Dtζ}Hs
∥
∥
∥
∥
∥
2ÿ
j“1
λj
πpζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
`
∥
∥
∥
∥
∥
2ÿ
j“1
λj 9zj
πpζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
` C}Dtζ}2Hs}ζα ´ 1}Hs
ďCǫpCǫ2 `K´1s ǫdIptq´5{2q ` Cǫ2 `K´1s ǫ2dIptq´5{2 `K´1s ǫdIptq´5{2 ` Cǫ3
ďCǫ2 `K´1s ǫdIptq´5{2.
By lemma 18, we have
}Dtb}Hs ď Cǫ2 `K´1s ǫdIptq´5{2. (401)
5.8.6. Estimate }G}Hs. Recall that G “ Gc `Gd, with
Gc :“ ´2rF¯,H 1
ζα
` H¯ 1
ζ¯α
sF¯α` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pζ´ ζ¯qβdβ :“ Gc1`Gc2. (402)
Gd :“ ´2rq¯,HsBαF¯
ζα
´ 2rF¯,HsBαq¯
ζα
´ 2rq¯,HsBαq¯
ζα
´ 4Dtq :“ Gd1 `Gd2 `Gd3 `Gd4. (403)
We rewrite Gc1 as
Gc1 “ ´ 4
π
ż pDtF¯pα, tq ´DtF¯pβ, tqqImtζpα, tq ´ ζpβ, tqu
|ζpα, tq ´ ζpβ, tq|2 BβF¯pβ, tqdβ. (404)
By lemma 7, we have
}Gc1}Hs ď C}F}Hs}ζα ´ 1}Hs}F}Hs ď Cǫ3, (405)
for some constant C depends on s only. Similarly,
}Gc2}Hs ď C}Dtζ}2Hs}ζα ´ 1}Hs ď Cǫ3.
By lemma 7, we have
}Gd1}Hs ` }Gd2}Hs ď C}q}Hs}F}Hs ď K´1s ǫ2dIptq´3{2. (406)
Similarly,
}Gd3}Hs ď C}q}2Hs ď K´1s ǫ2dIptq´3{2.
Use
Dtq¯ “
2ÿ
j“1
λji
2π
Dtζ ´ 9zj
pζpα, tq ´ zjptqq2 , (407)
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by lemma 22, lemma 19, we have
}Gd4}Hs ď4}Dtζ}Hs
∥
∥
∥
∥
∥
2ÿ
j“1
λj
2πpζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
` 4
∥
∥
∥
∥
∥
2ÿ
j“1
λj 9zj
2πpζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
Hs
ďCǫ2dIptq´5{2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2.
(408)
So we obtain
}G}Hs ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2. (409)
As a consequence,
}pI ´HqG}Hs ď 3}G}Hs ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2. (410)
5.8.7. Estimate }pI ´HqrD2t ´ iABα, Bkαsθ˜q}L2. By lemma 10, we have
rD2t , Bkαsθ˜ “´
k´1ÿ
m“0
”
Bmα pDtbαqBk´mα θ˜ ` Bmα pbαBk´mα Dtθ˜q ` Bmα pbαrbBα, Bk´mα sθ˜q ` Bmα bαBk´mα Dtθ˜
` Bmα bαrbBα, BαsBk´m´1α θ˜
ı
The quantity }Bmα pDtbαqBk´mα θ˜}L2 . For 0 ď m ď k ´ 1, k ď s, we have
}Bmα pDtbαqBk´mα θ˜}L2 ď }Dtbα}Hm}Bk´mα θ˜}Hm (411)
Since Dtbα “ BαDtb` bbα, we have
}Dtbα}Hm ď}BαDtb}Hm ` }bαb}Hm ď }Dtb}Hs ` }b}2Hs
ďCǫ2 `K´1s ǫdIptq´5{2 ` pCǫ2 `K´1s ǫdIptq´3{2q2
ďCǫ2 `K´1s ǫdIptq´5{2.
and since k ´m ě 1, by Corollary 10, we have
}Bk´mα θ˜}Hs ď 11ǫ, (412)
we obtain
}Bmα pDtbαqBk´mα θ˜}L2 ď }Dtbα}Hs}Bαθ˜}Hs ď Cǫ3 `K´1s ǫ2dIptq´3{2. (413)
The quantity Bmα pbαBk´mα Dtθ˜q. Similar to the previous case, we have for 0 ď m ď k´1, k ď s,
and assume bootstrap assumption (279),
}Bmα pbαBk´mα Dtθ˜q}L2 ď }bα}Hk´1}Dtθ˜}Hk ď Cǫ3 `K´1s ǫ2dIptq´3{2. (414)
The quantity Bmα pbαrbBα, Bk´mα sθ˜q. We have for 0 ď m ď k ´ 1, k ď s, and assume bootstrap
assumption (279),
}Bmα pbαrbBα, Bk´mα sθ˜q}L2 ď C}bα}Hs´1}b}Hs}θα}Hs´1 ď Cǫ3. (415)
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The quantity Bmα bαBk´mα Dtθ˜. We have for 0 ď m ď k ´ 1, k ď s,
}Bmα bαBk´mα Dtθ˜}L2 ď C}bα}Hk´1}Dtθ˜}Hk ď Cǫ3 `K´1s ǫ2dIptq´3{2. (416)
The quantity Bmα bαrbBα, BαsBk´m´1α θ˜. We have for 0 ď m ď k ´ 1, k ď s,
}Bmα bαrbBα, BαsBk´m´1α θ˜}L2 ď C}b}2Hs}Dtθ}Hs ď Cǫ3. (417)
So we obtain
}rD2t , Bkαsθ˜}L2 ď Cǫ3 `K´1s Cǫ2dIptq´3{2. (418)
The quantity }riABα, Bkαsθ˜}L2 Use similar argument, we obtain
}riABα, Bkαsθ}L2 ď Cǫ3 `K´1s ǫ2dIptq´3{2. (419)
So we obtain
}pI ´HqrD2t ´ iABα, Bkαsθ˜q}L2 ď Cǫ3 `K´1s Cǫ2dIptq´3{2. (420)
5.8.8. Estimate }rD2t ´ iABα,HsBkαθ˜}L2. Note that by identity (101),
rD2t ´ iABα,HsBkαθ˜ “ 2rDtζ,Hs
BαBkαθ˜
ζα
´ 1
πi
ż ´ζpα, tq ´ ζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
BβBkβ θ˜dβ (421)
Clearly, for k ď s, and assume (279), we have
∥
∥
∥
∥
1
πi
ż ´ζpα, tq ´ ζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
BβBkβ θ˜dβ
∥
∥
∥
∥
L2
ď Cǫ3. (422)
‚ Estimate }rDtζ,Hs BαBkα θ˜ζα }L2.
rDtζ,Hs BαBkα θ˜ζα is not obvious cubic. However, since Bkαθ˜ is almost anti-holomorphic, and
Dtζ “ F¯ ` q¯, with F¯ anti-holomorphic and q¯ decays rapidly in time as long as the point
vortices move away from the free interface rapidly, we expect this quantity consists of cubic
terms and quadratic terms which decay rapidly. To see this, decompose
Bkαθ˜ :“
1
2
pI ´HqBkαθ˜ `
1
2
pI `HqBkαθ˜.
Note that for k ě 1,
pI `HqBkαθ˜ “pI `HqBkαpI ´Hqpζ ´ ζ¯q “ ´rBkα,Hsθ˜
“´
k´1ÿ
m“0
Bmα rζα ´ 1,Hs
BαBk´m´1α θ˜
ζα
.
By lemma 7 and lemma 25,
}pI `HqBkαθ˜}L2 ď C}ζα ´ 1}Hk}Bαθ˜}Hs´1 ď Cǫ2. (423)
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Therefore, by lemma 7, we have
∥
∥
∥
∥
∥
rDtζ,Hs
Bα 12pI `HqBkαθ˜
ζα
∥
∥
∥
∥
∥
L2
ď Cǫ3. (424)
We rewrite rDtζ,Hs Bα
1
2
pI´HqBkα θ˜
ζα
as
rDtζ,Hs
Bα 12pI ´HqBkαθ˜
ζα
“r1
2
pI `HqDtζ,Hs
Bα 12pI ´HqBkαθ˜
ζα
` r1
2
pI ´HqDtθ,Hs
Bα 12pI ´HqBkαθ˜
ζα
:“ I ` II .
Clearly, II “ 0 . Since
1
2
pI `HqDtζ “ 1
2
pI `Hqq¯ ` 1
2
pH ` H¯qF¯, (425)
Use lemma 7, lemma 19, and similar to the estimate of }Gd1}Hs in §5.8.6, we have
∥
∥
∥
∥
∥
r1
2
pI `Hqq¯,HsBα
1
2
pI ´HqBkαθ˜
ζα
∥
∥
∥
∥
∥
L2
ďC}q}Hk}Bαθ}Hk´1 ď K´1s ǫ2dIptq´3{2. (426)
It’s easy to obtain
∥
∥pH ` H¯qF∥∥
Hs
ď Cǫ2. (427)
So we obtain
∥
∥
∥
∥
∥
rpH` H¯qF,HsBα
1
2
pI ´HqBkαθ˜
ζα
∥
∥
∥
∥
∥
Hs
ď Cǫ3. (428)
Therefore,
∥
∥
∥pI ´HqrD2t ´ iABα,HsBkαθ˜
∥
∥
∥
L2
ď 3
∥
∥
∥rD2t ´ iABα,HsBkαθ˜
∥
∥
∥
L2
ď Cǫ3 `K´1s ǫ2dIptq´3{2. (429)
5.8.9. Estimate for
∥
∥Gθk
∥
∥
Ls
. Collect the estimates from (410), (420), (429), we obtain
∥
∥Gθk
∥
∥
L2
ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2. (430)
5.9. Estimate
∥
∥
∥pI ´HqBkαG˜
∥
∥
∥
L2
. Recall that
G˜ “pI ´HqpDtG` iat
a
˝ κ´1AppI ´Hqpζ ´ ζ¯qqαq ´ 2rDtζ,HsBαD
2
t pI ´Hqpζ ´ ζ¯q
ζα
` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pDtpI ´Hqpζ ´ ζ¯qqβdβ
(431)
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5.9.1. Estimate ‖DtG‖Hk . DtG is given by
DtG “ pBtgq ˝ κ´1.
g “ gc ` gd, and
Btgc “Bt
!
´ 2rf¯ ,H 1
zα
` H¯ 1
z¯α
sf¯α ` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pz ´ z¯qβdβ
)
“´ 2rf¯t,H 1
zα
` H¯ 1
z¯α
sf¯α ´ 2rf¯ ,H 1
zα
` H¯ 1
z¯α
sf¯tα
´ 4
π
ż
pf¯pα, tq ´ f¯pβ, tqq
´
BtIm
! ztpα, tq ´ ztpβ, tq
pzpα, tq ´ zpβ, tqq2
)¯
Bβ f¯pβ, tqdβ
` 2
πi
ż
ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
!zttpα, tq ´ zttpβ, tq
zpα, tq ´ zpβ, tq ´
pztpα, tq ´ ztpβ, tqq2
pzpα, tq ´ zpβ, tqq2
)
pz ´ z¯qβdβ
` 1
πi
ż ´ztpα, tq ´ ztpβ, tq
zpα, tq ´ zpβ, tq
¯2
pzt ´ z¯tqβdβ
So we have
DtGc “´ 2rDtF¯,H 1
ζα
` H¯ 1
ζ¯α
sF¯α ´ 2rF¯,H 1
ζα
` H¯ 1
ζ¯α
sBαDtF¯
´ 4
π
ż
pF¯pα, tq ´ F¯pβ, tqq
´
DtIm
! ζpα, tq ´ ζpβ, tq
pζpα, tq ´ ζpβ, tqq2
)¯
BβF¯pβ, tqdβ
` 2
πi
ż
Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
!D2t ζpα, tq ´D2t ζpβ, tq
ζpα, tq ´ ζpβ, tq ´
pDtζpα, tq ´Dtζpβ, tqq2
pζpα, tq ´ ζpβ, tqq2
)
pζ ´ ζ¯qdβ
` 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
pDtζ ´Dtζ¯qβdβ
Recall that
gd :“ ´2rp¯,HsBαf¯
zα
´ 2rf¯ ,HsBαp¯
zα
´ 2rp¯,HsBαp¯
zα
´ 4pt. (432)
So
Btgd “´ 2rp¯,HsBαtf¯
zα
´ 2
πi
ż ´ p¯pα, tq ´ p¯pβ, tq
zpα, tq ´ zpβ, tqq
¯
t
Bβ f¯pβ, tqdβ
´ 2rf¯ ,HsBαp¯t
zα
´ 2
πi
ż ´ f¯pα, tq ´ f¯pβ, tq
zpα, tq ´ zpβ, tq
¯
t
Bβ p¯pβ, tqdβ
´ 2rp¯,HsBαp¯t
zα
´ 2
πi
ż ´ p¯pα, tq ´ p¯pβ, tq
zpα, tq ´ zpβ, tq
¯
t
Bβ p¯pβ, tqdβ
´ 4ptt.
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So we have
DtGd “´ 2rq¯,HsBαDtF¯
ζα
´ 2
πi
ż ´
Dt
q¯pα, tq ´ q¯pβ, tq
ζpα, tq ´ ζpβ, tq
¯
BβF¯pβ, tqdβ
´ 2rF¯,HsBαDtq¯
ζα
´ 2
πi
ż ´
Dt
F¯pα, tq ´ F¯pβ, tq
ζpα, tq ´ ζpβ, tq
¯
Bβ q¯pβ, tqdβ
´ 2rq¯,HsBαDtq¯
ζα
´ 2
πi
ż ´
Dt
q¯pα, tq ´ q¯pβ, tq
ζpα, tq ´ ζpβ, tq
¯
Bβ q¯pβ, tqdβ
´ 4D2t q.
(433)
DtGc is cubic, we have
‖DtGc‖Hk ďCsp‖DtF‖Hk ‖ζα ´ 1‖Hk ‖F‖Hk ` ‖F‖2Hk ‖Dtζ‖Hk ` ‖Dtζ‖Hk
∥
∥D2t ζ
∥
∥
Hk
‖ζα ´ 1‖Hk
` ‖Dtζ‖3Hk ‖ζα ´ 1‖Hk ` }Dtζ}3Hkq
ďCǫ3.
DtGd consists of cubic terms or terms with rapid time decay. By (408), we have
‖Dtq‖Hk ď Cǫ2dIptq´5{2 `K´1s ǫdIptq´5{2. (434)
Note that DtGd ` 4D2t q is at least quadratic. Use lemma 7, lemma 19, and similar to the
estimate of ‖Gd1‖Hs in §5.8.6, we obtain
∥
∥DtGd ` 4D2t q
∥
∥
Hk
ď Cǫ3 `K´1s ǫ2dIptq´3{2. (435)
Note that
D2t q “
2ÿ
j“1
λji
2π
D2t ζ ´ :zjptq
pζpα, tq ´ zjptqq2 ´
2ÿ
j“1
λji
π
pDtζq2 ´ 2Dtζ 9zj
pζpα, tq ´ zjptqq3 ´
2ÿ
j“1
λji
π
9z2j
pζpα, tq ´ zjptqq3 . (436)
Use lemma 22, lemma 23, lemma 24, we have
∥
∥4D2t q
∥
∥
Hk
ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´3{2. (437)
Then we have
‖DtG‖Hk ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´3{2. (438)
Therefore,
‖pI ´HqDtG‖Hk ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´3{2. (439)
5.9.2. Estimate
∥
∥
∥2rDtζ,Hs BαD
2
t pI´Hqpζ´ζ¯q
ζα
∥
∥
∥
Hk
. The way that we estimate for this quantity is
the same as that for rDtζ,Hs BαBkα θ˜ζα . We obtain
∥
∥
∥
∥
2rDtζ,HsBαD
2
t pI ´Hqpζ ´ ζ¯q
ζα
∥
∥
∥
∥
Hk
ď Cǫ3 `K´1s ǫ2dIptq´3{2. (440)
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So we obtain
∥
∥
∥pI ´HqBkαG˜
∥
∥
∥
L2
ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´3{2. (441)
5.9.3. Estimate rD2t ´ iABα,HsBkασ˜. Use
rD2t ´ iABα,HsBkασ˜ “2rDtζ,Hs
BαDtBkασ˜
ζα
´ 1
πi
ż ´Dtζpα, tq ´Dtζpβ, tq
ζpα, tq ´ ζpβ, tq
¯2
Bk`1β σ˜pβ, tqdβ
:“I1 ` I2.
Clearly,
}I2}L2 ď C}Dtζ}2Hk}σ˜}Hk ď Cǫ3. (442)
Note that
rDtζ,HsBαDtB
k
ασ˜
ζα
“ rDtζ,HsBαB
k
αDtσ˜
ζα
` rDtζ,HsBαrDt, B
k
αsσ˜
ζα
The second term rDtζ,Hs BαrDt,Bkαsσ˜ζα is cubic, it’s easy to obtain
∥
∥
∥
∥
rDtζ,HsBαrDt, B
k
αsσ˜
ζα
∥
∥
∥
∥
L2
ď Cǫ3. (443)
The way that we estimate for this quantity is the same as that for rDtζ,Hs BαBkαθ˜ζα . We obtain
∥
∥
∥
∥
rDtζ,HsBαB
k
αDtσ˜
ζα
∥
∥
∥
∥
Hk
ď Cǫ3 `K´1s ǫ2dIptq´3{2. (444)
So we obtain
∥
∥rD2t ´ iABα,HsBkασ˜
∥
∥
L2
ď Cǫ3 `K´1s ǫ2dIptq´3{2. (445)
5.9.4. Estimate
∥
∥pI ´HqrD2t ´ iABα, Bkαsσ˜
∥
∥
L2
. The way that we estimate this quantity is the
same as that for
∥
∥
∥pI ´HqrD2t ´ iABα, Bkαsθ˜q
∥
∥
∥
L2
. We obtain
∥
∥pI ´HqrD2t ´ iABα, Bkαsσ˜
∥
∥
L2
ď Cǫ3 `K´1s ǫ2dIptq´3{2. (446)
5.9.5. Estimate for ‖Gσk‖L2. Collect the estimates from (439), (441), (445), (446), we obtain
‖Gσk‖L2 ď Cǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´3{2. (447)
5.10. A priori energy estimates. We derive energy estimates in this subsection. We’ll
prove the following.
Proposition 5. Assume the assumptions of Theorem 3, assume the bootstrap assumption
(279), we have for all t P r0, T0s,
d
dt
Esptq ď Cǫ4 `K´1s ǫ3dIptq´3{2 `K´1s ǫ2
|λ|
xp0qdIptq
´5{2. (448)
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Proof. From (275) and (277), we have
d
dt
Esptq “ d
dt
sÿ
k“0
pEθk ` Eσk q
“
sÿ
k“0
´ ż 2
A
ReDtθkG
θ
k ´
ż
1
A
at
a
˝ κ´1|Dtθk|2 `
ż
2
A
ReDtσkG
σ
k ´
ż
1
A
at
a
˝ κ´1|Dtσk|2
¯
(449)
By Corollary 11, we have
}Dtθ˜}Hs ď 11ǫ, }Dtσ˜}Hs ď 21ǫ. (450)
By Corollary 12, (395), (430), (447), we have
d
dt
Esptq ď
sÿ
k“0
´
2
∥
∥
∥
∥
1
A
∥
∥
∥
∥
8
‖Dtθk‖L2
∥
∥Gθk
∥
∥
L2
`
∥
∥
∥
∥
1
A
∥
∥
∥
∥
8
∥
∥
∥
at
a
˝ κ´1
∥
∥
∥
8
‖Dtθk‖
2
L2
` 2
∥
∥
∥
∥
1
A
∥
∥
∥
∥
8
‖Dtσk‖L2 ‖G
σ
k‖L2 `
∥
∥
∥
∥
1
A
∥
∥
∥
∥
8
∥
∥
∥
at
a
˝ κ´1
∥
∥
∥
8
‖Dtσk‖
2
L2
¯
ď
sÿ
k“0
´
4ˆ 11ǫpCǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2q
` 4ˆ pCǫ2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2q ˆ p11ǫq2
` 4ˆ 21ǫpCǫ3 `K´1s ǫ2dIptq´3{2 `K´1s ǫ
|λ|
xp0qdIptq
´3{2q
` 4ˆ pCǫ2 `K´1s ǫ
|λ|
xp0qdIptq
´5{2q ˆ p21ǫq2
¯
ďCǫ4 `K´1s ǫ3dIptq´3{2 `K´1s ǫ2
|λ|
xp0qdIptq
´5{2.
Here, we simply bound
∥
∥ 1
A
∥
∥
8
by 1
2
. 
Before we use the bootstrap argument to complete the proof of Theorem 3, we need to
show that the energy Es is equivalent to 4p
∥
∥
∥Dtθ˜
∥
∥
∥
2
Hs
`‖Dtσ˜‖2Hs`
∥
∥
∥|D|1{2θ˜
∥
∥
∥
2
Hs
`∥∥|D|1{2σ˜∥∥2
Hs
q.
Lemma 27. Assume the assumptions of Theorem 3, and assume the bootstrap assumption
(279). Then we haveˇˇˇ
Es ´ 4p
∥
∥
∥Dtθ˜
∥
∥
∥
2
Hs
` ‖Dtσ˜‖2Hs `
∥
∥
∥|D|1{2θ˜
∥
∥
∥
2
Hs
` ∥∥|D|1{2σ˜∥∥2
Hs
q
ˇˇˇ
ď Cǫ3. (451)
Proof. Recall that
Es “
sÿ
k“0
! ż 1
A
|Dtθk|2 ` iθkBαθkdα `
ż
1
A
|Dtσk|2 ` iσkBασkdα
)
, (452)
where
θk “ pI ´HqBkαθ˜, σk “ pI ´HqBkασ˜, θ˜ :“ pI ´Hqpζ ´ ζ¯q, σ˜ :“ pI ´HqDtθ˜. (453)
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It’s easy to obtain that
}A´ 1}Hs ď Cǫ. (454)
So
Es “
sÿ
k“0
! ż
|Dtθk|2 ` iθkBαθkdα `
ż
|Dtσk|2 ` iσkBασkdα
)
`Opǫ3q. (455)
We have
θk “ BkαpI ´Hqθ˜ ` rBkα,Hsθ˜ “ 2Bkαθ˜ ` rBkα,Hsθ˜. (456)
So we have
∥
∥
∥Dtθk ´ 2BkαDtθ˜
∥
∥
∥
L2
ď
∥
∥
∥DtrBkα,Hsθ˜
∥
∥
∥
L2
` 2
∥
∥
∥rDt, Bkαsθ˜
∥
∥
∥
L2
ď Cǫ2. (457)
Similarly, we have
∥
∥Dtσk ´ 2BkαDtσ˜
∥
∥
L2
ď Cǫ2. (458)
Therefore, ˇˇˇ sÿ
k“0
ż
p|Dtθk|2 ` |Dtσk|2qdα´ 4p
∥
∥
∥BkαDtθ˜
∥
∥
∥
2
L2
` ∥∥BkαDtσ˜
∥
∥
2
L2
q
ˇˇˇ
ď Cǫ3. (459)
Decompose θ˜ as
θ˜ “ 1
2
pI `Hqθ˜ ` 1
2
pI ´Hqθ˜ (460)
Note that since θ˜ “ pI ´Hqpζ ´ ζ¯q, it’s easy to obtain
∥
∥
∥
∥
|D|1{21
2
pI `Hqθ˜
∥
∥
∥
∥
Hs
ď Cǫ2. (461)
Then we have ˇˇˇ ∥
∥
∥|D|1{2θ˜
∥
∥
∥
2
Hs
´
∥
∥
∥
∥
|D|1{21
2
pI ´Hqθ˜
∥
∥
∥
∥
2
Hs
ˇˇˇ
ď Cǫ3. (462)
Note that ∥
∥
∥
∥
|D|1{2 1
2
pI ´Hqθ˜
∥
∥
∥
∥
2
Hs
“ i
sÿ
k“0
ż
Bkα
1
2
pI ´Hqθ˜Bk`1α
1
2
pI ´Hqθ˜dα (463)
Use the fact that
pI ´Hqθ˜ “ 2θ˜ ` pH ´Hqθ˜, (464)
and use ∥
∥
∥Bkα|D|1{2pH ´Hqθ˜
∥
∥
∥
L2
ď Cǫ2, (465)
we obtain ˇˇˇ ż
iθkBαθkdα´ 4}Bkα|D|1{2θ˜}2L2
ˇˇˇ
ď Cǫ3. (466)
Similarly, ˇˇˇ ż
iσkBασkdα ´ 4
∥
∥Bkα|D|1{2σ˜
∥
∥
2
L2
ˇˇˇ
ď Cǫ3. (467)
By (457), (458), (466), and (467), we obtainˇˇˇ
Es ´ 4
sÿ
k“0
!∥
∥
∥BkαDtθ˜
∥
∥
∥
2
L2
` ∥∥BkαDtσ˜
∥
∥
2
L2
`
∥
∥
∥Bkα|D|1{2θ˜
∥
∥
∥
2
L2
` ∥∥Bkα|D|1{2σ˜
∥
∥
2
L2
)ˇˇˇ
ď Cǫ3. (468)
LONG TIME BEHAVIOR OF 2D WATER WAVES WITH POINT VORTICES 71

Corollary 13. Assume the assumptions of Theorem 3, then
Esp0q ď 17ǫ2. (469)
Proposition 6. Assume the assumptions of Theorem 3, there exists δ ą 0 such that
}ζα ´ 1}Hs ď 5ǫ, }F}Hs`1{2 ď 5ǫ, }DtF}Hs ď 5ǫ t P r0, δǫ´2s (470)
Indeed, we can choose δ to be an absolute constant.
Proof. Let δ ą 0 to be determined. Let
T :“
!
T P r0, δǫ´2s : }ζα ´ 1}Hs ď 5ǫ, }F}Hs`1{2 ď 5ǫ, }DtF}Hs ď 5ǫ, @ t P r0, T s
)
(471)
At t “ 0, we have
}F}Hs`1{2 ` }DtF}Hs ď
3
2
ǫ. (472)
To obtain estimate of }ζα ´ 1}Hs, use D2t ζ ´ iAζα “ ´i, we have
ζα ´ 1 “ D
2
t ζ ´ ipA´ 1q
iA
. (473)
We have D2t ζ “ DtF¯`Dtq¯, and
Dtq “
2ÿ
j“1
λji
2π
Dtζ ´ 9zj
pζpα, tq ´ zjptqq2 .
We have
}Dtq}Hs ď Cǫ2 `K´1s ǫ. (474)
Use (397), we obtain
}ζαp¨, 0q ´ 1}Hs ď }DtFp¨, 0q}Hs ` Cǫ2 `K´1s ǫ ď 2ǫ. (475)
Therefore, 0 P T , so T ‰ H. Since }ζα ´ 1}Hs, }F}Hs`1{2, }DtF}Hs are continuous in t, we
have T is closed. To prove T “ r0, δǫ´2s, it suffices to prove that if T0 ă δǫ´2, then there
exists c ą 0 such that r0, T0 ` cq Ă T .
Assume T0 P T and assume T0 ă δǫ´2. By Proposition 5, we have for any t0 ď T0,
Espt0q “Esp0q `
ż t0
0
d
dt
Esptqdt
ď17ǫ2 `
ż t0
0
pCǫ4 `K´1s ǫ3dIptq´3{2 `K´1s ǫ2
|λ|
xp0qdIptq
´5{2qdt
ď17ǫ2 ` Cǫ4T0 `K´1s ǫ3
ż t0
0
pp1` |λ|
20πxp0qtq
´1q3{2dt
`K´1s ǫ2
|λ|
xp0q
ż t0
0
pp1` |λ|
20πxp0qtq
´1q3{2dt
ď17ǫ2 ` Cǫ4T0 `K´1s ǫ3
xp0q
|λ| `K
´1
s ǫ
2.
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Since |λ|
xp0q
ěMǫ, we have
K´1s ǫ
3xp0q
|λ| ď K
´1
s ǫ
3pMq´1ǫ´1 “ K´1s M´1ǫ2 ď
1
2
ǫ2.
Since T0 ď δǫ´2, if we choose δ ď C´1, then
Cǫ4T0 ď ǫ2.
Therefore we have
sup
tPr0,T0s
Esptq ď 19ǫ2.
By lemma 27, we obtain
4
sÿ
k“0
!
}BkαDtθ˜}2 ` }BkαDtσ˜}2 ` }Bkα|D|1{2θ˜}2L2 ` }Bkα|D|1{2σ˜}2L2
)
ď Es ` Cǫ3 ď 20ǫ2. (476)
So we have
}Dtθ˜}Hs`1{2 ` }Dtσ˜}Hs ` }|D|1{2θ˜}Hs ď 5ǫ, (477)
By lemma 26, we obtain
}F}Hs`1{2 ď K´1s ǫ`
1
2
}Dtθ˜}Hs`1{2 ď 3ǫ. (478)
}DtF}Hs ď 1
4
}Dtσ˜}Hs `K´1s ǫ ď 2ǫ. (479)
Since ζ¯ ´ α is holomorphic, we have
θ˜ “ pI ´Hqpζ¯ ´ ζq “ pI ´Hqpζ ´ αq “ 2pζ ´ αq ´ pH ` H¯qpζ ´ αq. (480)
It’s easy to obtain
∥
∥
∥|D|1{2p
´
θ˜ ´ 2pζ ´ αq
¯∥
∥
∥
Hs
“ }|D|1{2pH ` H¯qpζ ´ αq}Hs ď Cǫ2. (481)
By (477), we obtain
2}|D|1{2pζ ´ αq}Hs ď }|D|1{2θ˜}Hs ` Cǫ2 ď 6ǫ. (482)
So we have
∥
∥|D|1{2pζ ´ αq∥∥
Hs
ď 3ǫ. (483)
To obtain control of }ζα ´ 1}Hs, again we use
ζα ´ 1 “ D
2
t ζ ´ ipA´ 1q
iA
. (484)
It’s easy to obtain
}ζα ´ 1}Hs ď }DtF}Hs ` Cǫ2 `K´1s ǫ ď 3ǫ. (485)
By continuity, we can choose c ą 0 sufficiently small such that
}ζα ´ 1}Hs ď 5ǫ, }F}Hs`1{2 ď 5ǫ, }DtF}Hs ď 5ǫ, @ t P r0, T0 ` cq (486)
So we must have T “ r0, δǫ´2s, for some absolute constant δ ą 0. 
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5.11. Change of variables back to lagrangian coordinates. Next, we need to change
of variables back to system (8). So we need to control κ on time interval r0, δǫ´2s. We have
κt “ b ˝ κ (487)
So we have
Btκα “ bα ˝ κκα. (488)
Recall that
pI ´Hqb “ ´rDtζ,Hs ζ¯α ´ 1
ζα
´ i
π
2ÿ
j“1
λj
ζpα, tq ´ zjptq . (489)
So we have
pI ´Hqbα “ rζα,Hsb´ BαrDtζ,Hs ζ¯α ´ 1
ζα
` i
π
2ÿ
j“1
λjζα
pζpα, tq ´ zjptqq2 . (490)
Clearly,
∥
∥
∥
∥
rζα,Hsb´ BαrDtζ,Hs ζ¯α ´ 1
ζα
∥
∥
∥
∥
H1
ď Cǫ2, (491)
and ∥
∥
∥
∥
∥
i
π
2ÿ
j“1
λjζα
pζpα, tq ´ zjptqq2
∥
∥
∥
∥
∥
H1
ď K´1s dIptq´5{2ǫ, (492)
for some absolute constant C ą 0. By lemma 18, we have
‖bα‖H1 ď Cǫ2 `K´1s dIptq´5{2ǫ. (493)
By Sobolev embedding, we have
‖bα ˝ κ‖8 “ ‖bα‖8 ď ‖bα‖H1 ď Cǫ2 `K´1s dIptq´5{2ǫ. (494)
It’s easy to obtain that
‖καp¨, 0q ´ 1‖8 ď Cǫ. (495)
So we obtain
καpα, tq ´ καpα, 0q “
ż t
0
κατ pα, τqdτ (496)
“
ż t
0
bα ˝ κpα, τqκαpα, τqdτ. (497)
Let δ1 ą 0 be a constant to be determined.
T1 :“
!
T P r0, δ1ǫ´2s : sup
tPr0,T s
‖καp¨, tq ´ καp¨, 0q‖8 ď
1
10
)
(498)
In particular, if t P T1, then for ǫ sufficiently small, we have 45 ď κα ď 65 . Also, T1 is closed.
For T P T1, we have for any t P r0, T s,ˇˇˇ
καpα, tq ´ καpα, 0q
ˇˇˇ
ď
ż t
0
´
Cǫ2 `K´1s dIpτq´5{2ǫ
¯
dτ (499)
ď
ż t
0
pCǫ2 `K´1s p1`
|λ|
20πxp0qq
´5{2ǫqdτ (500)
LONG TIME BEHAVIOR OF 2D WATER WAVES WITH POINT VORTICES 74
ďCǫ2t`K´1s
20πxp0q
|λ|
2
3
ǫ (501)
ďCǫ2t` 1
15Ks
. (502)
Here we’ve used the assumption |λ|
xp0q
ě 200πǫ. Choose δ1 “ 130C . Then we have
sup
tPr0,T s
‖καp¨, tq ´ καp¨, 0q‖8 ď
1
20
. (503)
Therefore, T1 is open in r0, δ1ǫ´2s, we must have T1 “ r0, δ1ǫ´2s.
Let δ0 :“ mintδ, δ1u. Since κα ě 35 on r0, δ0ǫ´2s, we can change of variables back to lagrangian
coordinates and conclude the proof of Theorem 3.
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